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Abstract

We study in this paper the condition of biharmonicity of anti-invariant sub manifolds in Kenmotsu space
forms.
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1. Introduction.

Harmonic maps on Riemannian manifolds have been studied for many years, starting with the paper of J.
Eells and J.H. Sampson [9]. Due to their analytic and geometric properties, harmonic maps have become an important
and attractive field of research.

The study of harmonic maps on Riemannian manifolds endowed with some structures has its origin in a
paper of Lichnerowicz [16], in which he proved that a holomorphic map between K ahler manifolds is not only a
harmonic map but also attains the minimum of energy in its homotopy class. After that, Rawnsley [18] studied
structure preserving harmonic maps between f-manifolds. Later on lanu, s, Pastore, Gherghe, Chinea and some others
(see [6], [12], [13], [14], [19]) studied harmonic maps defined on some almost contact manifolds (i.e. Sasakian,
cosymplectic etc.).

The theory of biharmonic maps is an old and rich subject: they have been studied since1862 by Maxwell and
Airy to describe a mathematical model of elasticity. The Euler-Lagrange equation for bienergy functional was first
derived by Jiange in 1986 [10]. After this biharmonic maps were studied by many authors see [2], [3], [4], [5], [8]. The
purpose of this paper is to obtain a condition for biharmonicity of a map from anti-invariant sub manifolds of
Kenmotsu manifolds to Kenmotsu space forms. After we recall some well-known facts about biharmonic maps and
Kenmotsu manifolds, we prove the main results concerning biharmonic maps on anti-invariant sub manifolds of
Kenmotsu manifolds.

2. Preliminaries

In this section, we recall some well-known facts concerning harmonic maps, biharmonicmaps and Kenmotsu
manifolds.
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Let I: (M, 9 —> (N, b) be a smooth map between two Riemannian manifolds of dimensions m and n
respectively. The energy density of Fis a smooth function ¢(F) : M— [0, ©) given by

m

1 1
e(FYp = STr(F'WY(®) =5 ) h(Fpus Foypty),
i=1
For any p € M and any orthonormal basis {u, . .., #,} of TpM. If M is a compact Riemannian manifold, the
energy E(F) of F is the integral of its energy density:

E(F) = fMe(F)vg,

Wherevyis the volume measure associated with the metric g on M. A map F € C*(M,N) is said to be
harmonic if it is a critical point of the energy functional E on the set of all maps between (M, g) and (N, h). Now, let
(M, g) be a compact Riemannian manifold. If we look at the Euler-Lagrange equations for the corresponding variation
problem, a map F: M — N is harmonic if and only if 7 () = 0, where 7 (F) is the tension field which is defined by

©(F) = TryV' dF

Where V' is the connection induced by the Levi-Civita connection on M and the F-pullback connection of
the Levi Civita connection on N.

We take now a smooth variation F; with two parameters s, # € (—¢, €) such that Fyo = F. The corresponding
variation vector fields are denoted by V and W. The second variation formula of E is:

62
Hg(V,W) = ﬁ(E(Fs,t)) l(s,5)=(0,0)= f h(Jp(V), W)vy,
M

Where Jris a second order self-adjoint elliptic operator acting on the space of variation vector fields along F

(which can be identified with I'(FF—=1(TIN)) and is defined by

Jr(V) = —i(vu'ivlii— VUi )V—iR”(V,dF(ui))dF(ui).
i=1 i=1

For any 1V € I'(F-1(TIN)) and any local orthonormal frame {sm, . . ., #,} on M. Here RN is the cutvature
tensor of (N, h) (see [11] for more details on harmonic maps).

J. Eells and L. Lemaire [11] proposed poly harmonic (k-harmonic) maps, and Jiang [10] studied the first and
second variation formulas of biharmonic maps. Let us consider the bienergy functional defined by:

1
B(F) =5 11 Py,

Where | 17 [2= (1, V), 1/ € I(F'TN).

Then, the first variation formula of the bi energy functional is given by:

d
at le=0 E2(Fp) = — th(TZ(F):V)Vg:
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Here

L(F) =]t (M)=24'(r (M)-R(x (M),
Which is called the bitension field of F and ] is given by (1).
A smooth map F of (M, g) into (N, h) is said to be biharmonic ift, (F) = 0.

Contact Manifolds are introduced detailed in [1]. However Tanno [20] has classified, into three classes, the
connected almost contact Riemannian manifolds whose auto orphisms groups have the maximum dimensions:

(1) Homogeneous normal contact Riemannian manifolds with constant g- holomorphic sectional curvature;
(2) Global Riemannian products of a line or a circle and a Kabler space form;
(3) Warped product spaces L X;IN, where L is a line and N a Kab/er manifold.

Kenmotsu [15] studied the third class and characterized it by tensor equations. A (2m+1)-dimensional

Riemannian manifold (M, g) is said to be a Kenmotsu manifold if it admits an endomorphism ¢ of its tangent bundle
TM, a vector field £and a 1-form 7,

which satisfy

2

p° =-1+nQ®¢, n) =1, () =0, nog =0,
g(eX,9Y) = g(X,Y) —n(X)n(Y), nX) =gX,%),
Axp)Y = —gX,pY)E —n(Y)eX, Q)

for any vector fields X, Y on M, where Fdenotes the Riemannian connection with respect
to g.

Example 2.1.1et N be a Kabler manifold, with the Kablerian structure (J; h) and let f:R—— R be a function defined by
(&) = ce, where c€R, ¢ >0. Then the warped product M = RXAN is defined as being the manifold RXIN endowed with the Riemannian

metric

Gen = (; f%t)hi)'
d

If we put§ = rTe nX) =gX,$) and

0 0
p(t,x) = < )
0 exp((t8)), Jox exp((—t8)),
Sor any point (#, x) € R X' N and any vector field X tangent to M, then M is Kenmotsu manifold [15].

Defnition 2.1./77] : A submanifold M of a Kenmotsu manifold N is a normal semi-invariant submanifold if & is normal to M and M
has two distributions D and D4, called the invariant, respectively, the anti-invariant distribution of M so that

1. TxM = D.@ DL
2. Dy, D4 ,<&> are orthogonal,
3. oD E Dy, pDL.E D4y, forall x EM.
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If D =0, then M is a normal anti-invariant submnaifold of N and if DA= 0, then M is a invariant submanifold of N.
3. Main Results
Before the main results, recall the following results by Jiang:

Lemma 3.1. [10] Let f: (M™, g) = (N", h) be an isometric immersion whose mean curvature vector field
H = %T (f) is parallel; VEH = 0, where Vis the induced connection of the normal bundle TM by f. Then

Fe() = ) h(Ar(,df €)df )= ). h(Tet(,df (&) (Teids)(ey),
i=1 ij=1

where {e;} is a locally defined orthonormal frame field of (M, g).

Lemma 3.2. [10] Let f: (M™, g) = (N™, h) be an isometric immersion whose mean curvature vector field
H = i‘[ (f) is parallel; VEH = 0, where Vtis the indnced connection of the normal bundle T*M by f. Then,

() == ) h@(.RN (df(e).dfen) df(e)df(e) = D h(v(, (Vedf)(er) (Teidf)(e),
jk=1 i,j=1

where {¢;} is a locally defined orthonormal frame field of (M, ).

Lemma 3.3./70] Let f: (M™, g) > (N™Y, ) be an isometric immersion which is not harmonic. Then, the condition
that lfz (f) llis constant is equivalent to the one that

Vx(t(f)) € T(£.TM), forall XE€TM,

that is the mean curvature tensor is parallel with respect to VL. For details and proof of these Lemmas, see [8], [10].
Now the main result of this article;

Theorem 3.1.Letr (M, g) be a real n-dimensional anti-invariant submanifold of Kenmotsue space form N of dimension
(Zn+1), and F: (M, g — (IN, bh) be an isometric immersion with non ero constant parallel mean curvature with respect to connection on
normal bundle, then necessary and sufficient conditions for F to be bibarmonic is t € 9TM and

IB(F)|I2 =("(C_3)+3(C_1)> et

4 4 n+3

Proof. A Kenmotsu manifold with constant g-sectional curvature c is called a Kenmotsu space form and its
curvature tensor R is expressed by

-3 1
RINZ = S (g, 20X = g, 2)Y} + S5~ (9K, 9Z)gY — g(Y, pZ)pX
+29X, Y)pZ + n(XIn(2)Y —n(Y)n(2)X + g(X, Z)n(Y)E — g(¥Y, Z)n(X)E}.

By Lemma3.1, the mean curvature vector field of F is parallel with respect to %, therefore we apply Lemma
3.1 and Lemma3.2. Let {€;}/=; be orthonormal basis on M, we have
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RV (dF (¢;), dF (e)) dier) = ?{ndF(ej) — 8 dF(e)} + %3(11?(@).

Then we have

Z h(x(F), RN (dF (), dF (e)) dF (e)dF (¢)) = 0.
far=tt
And

m
Be(F) = Y R, (Ve dF)ep) (Ve dF)e;
ij=1
Furthermore, we have
c-3 c—1 c—1
R(z(F) = fn 24+ 35H 1R - 2 (0 + 3m(x(F)E. ©)
For anti-invariant submanifolds, we consider the decomposition T M = @T,M @< &, >,

Since TN =TM @ TM* =TM @ ¢TM @ &, now if t(F) € ¢TM, then

c—3+3c—1
4 4

R(z(P) = {n 0!

Now if T(F) €< & >, then 7(F) = aé, where a is any constant and

-3 c—-1 _1
R(:(P) = {n "+ 3ot == (n+ af = =32

Ift(F) € TM @< & >, then

c—3+3c—1
4 4

-1
R(z(P) = {n Jer) - =+ 3 (e®)e.

Now the necessary and sufficient conditions F to be biharmonic is that
7,(F) = At(F) — R(x(F)) = 0.

This becomes

m

j,zZ:lh<T(F)'vede (ek))(ﬁ, d(ek)‘{nC; +3—
h v

-1
—— (+ (e

}T(F)-l—
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Now let

B(F)(ej ex) = (Vede) (ex) = h (dF(e]-),dF(ek)) V=RV,

where V is the unit normal vector along F(M). Then

o(F) = i(%rdm(er) - Z bV,
r=1 r=1

where V is the unit normal vector along F(M). Thus, the left hand side of (7) becomes as:

i { (n%3+3c; )hrrV+—(n+3)hrrh(V 5)5}
(i rr)Z{ Kl (nC;3 611)V+%(n+3)h(v,f)g}=
I EI{IBEIRY ~ (0252 435V + S+ D, e} =

Now if T(F) € @TM, then V L & and we have

IB(F)I12 (“3 C‘l) 0
—|n =0,
4 4

and
IBIZ = (2 +357) ©)

Now If 7 (F) €< &>, then I L ¢TM and 1 = 4 a is any real constant, then we have

3 c—1 -
I {IBEIZas = (n =+ 35 ) at +

1

(n + DRV, §)ag| =
and
1B = — 2. ©)

From (9), it is clear that 7 does not belong to < > and ¢ € ¢TM, for biharmonic anti-invariant immersion
and satisfies

IBEI? = (n=2+352), (10)

3(n+1) 1)

which implies ¢ > ——
n+3

Remark 3.1: Owe of the normal anti-invariant n-dimensional submanifold M in (2n~+1)-dimension Kenmotsu manifold N is
Whitney sphere [7]. Thus a map from Whitney sphere in Kenmotsu manifold to Kenmotsu manifold of constant p-sectional curvature ¢ is
biharmonic if its second fundamental form satisfy relation (10).



Najma Abdul Rehman 79

References

D.E. Blair, Geometry of manifolds with structural group U(n) X O(s), ]. Ditferential Geom. 4 (1970).155-167.

A. Balmus, Bibarmonic properties and conformal changes., An. Stiint. Univ. ALLCuza Iasi Mat. (N.S.) 50 (2004), 361372.

A. Balmus, On the bibarmonic curves of the Euclidian and Berger 3-dimensionalspheres. Sci. Ann. Univ. Agric. Sci. Vet. Med. 47
(2004), 8796., Sci. Ann. Univ.Agric. Sci. Vet. Med. 47 (2004), 8796.

A. Balmus, S. Montaldo, C. Oniciuc. Bibarmonic maps between warped product manifolds, J. Geom. Phys. 57 (2007), 449-466.,
Sci. Ann. Univ. Agric. Sci. Vet. Med. 47(2004), 8796.

A. Balmus, C. Oniciuc. Some remarks on the biharmonic submanifolds of S? and their stability. An. Stiint. Univ. ALL
Cuza lasi, Mat. (N.S), 51 (2005), 171190.

D. Chinea, Harmonicity on maps between almost contact metric manifolds, Acta Math. Hungar. 126 (2010), no. 4, 352-362.

Maria CIRNU, Normal Anti-invariant Submnaifolds with Closed Conformal Vector Field in Kenmotsu Manifolds, Bulletin of the
Transilvania University of Brasov, Vol 3 (52)-2010.

Toshiyuki Ichiyama, Jun-ichilnoguchi, Hajim Urakawa Bi-barmonic maps and bi-Y ang-Mills fields, Note di Matematica,
Note Mat. 1(2008), suppl. n. 1, 233-275.

Eells, J. H. Sampson, Harmonic mappings of Riemannian manifolds, Amer. ].Math. 86 (1964), 109-160.

G. Y. Jiang 2-harmonic maps and their first and second variational formulas, ChineseAnn. Math. Ser. A7 (4) (1986), 389-402.

J. Eells and L. Lemaire, Report on harmonic maps, Bull, London Math. Soc. 20(1988), 385-524.

C. Ghetghe, Harmonicity on cosymplectic manifolds, Rocky Mountain J.Math. 40,No.6,(2010), 247-254.

C. Gherghe, S. Ianus, A. M. Pastore, CR-manifolds, harmonic maps and and stability, ].Geom. 71 (2001), 42-53.

C. Gherghe, K.Kenmotsu, Energy minimizer maps on C-manifolds, Diff. Geom.Appl. 21 (2004), 55-63.

K. Kenmotsu, A class of almost contact Riemannian manifolds, Tohoku Math. J. 24(1972), 93-103.

A. Lichnerowicz, Applications harmoniqueset varietes kbleriennes, Sympos. Math.3 (1970) 341402.

N. Papaghiuc, Semi-invariant submanifolds in a Kenmotsu manifold, Rend. di.Math., 4(1983), 607-622.

J. Rawnsley, f-structures, f-twistor spaces and harmonic maps, Lecture Notes inMath., vol. 1164, Springer-Verlag, 1984, pp.
85159.

N.A. RehmanHarmonic Maps on Kenmotsu Manifolds, An. St. Univ. Ovidius Constanta,Vol 21(3), 2013, 197-208.

S. Tanno, The automorphism groups of almost contact Riemannian manifolds, Thoku Math. J. (2) 21 (1969), 2138.



