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Approximate Solution of the System of Linear Fractional Integro-Differential
Equations of Volterra Using B- Spline Method
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Abstract

The aim of this paper is to introduce new method for solving a system of linear fractional Integro-differential
equations of Volterra (LFIDEV) numerically presented based on B-spline techniques. Also, to get reasonable
results in this method, convergence and stability have been investigated. Numerical examples of the pertinent
features of the method with the proposed system are illustrated.

Keyword: System of fractional derivatives of Volterra equation, fractional Integro-differential equations, B- spline
functions.

1. Introduction

The theory and application of fractional integrals and derivatives can been found in many fields of science
and engineering such as viscoelasticity, fractional differential operators which have been used to describe materials
constitutive equations; see [4, 5, and 10]. There are many methods that concerted of finding the approximated
solution of system fractional differential equations; see [2]. This paper divided to the approximate solution for a
system of LFIDEV of orders which takes the following general form

m t

D/ x (t) = gi(t)+ZJkij (t,s)x;(s)ds ,i=12,..m , n-1<p <n ,telab] @
i=lo

Where g; and kij are continuous and bounded functions?

The main aim of this work is to establish a new methods to treat the system (1) using approximate method to a
achieve this, we use the properties of B-spline function, here, we consider the fractional given by Riemann-Liouvill

th
definition[10] of &  order fractional derivative with respect to t is:

- 1< <
where N 1<a<n,neN

There are many methods that concerted of finding the approximated solution of system fractional Integro-differential

1 t
D f (t) =F—_[(t —5)**f(s)ds
Equations. Hence we p (@) rove a new general formula of system fraction order

differential equations where most studies have dealt just with special cases; see [1, 3, 4, 8, 9, 11, 12]. The existence and
uniqueness of solution of system of LFIDEV have been considered by many authors; see [6, 7, and 13].
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2 Preliminaries
In this section, present some definitions and lemmas to be used later system of LFIDEV

Definition (2.1) (Bazier Curves) [2]
2
Let P ={Po,Ps,...,Pn} be a set of point PjeR .The Bazier Curve associated with the set P defined by:

P"(t)=) P,B](t) where
=0
B;(t):@(l—t)”iti j=0L--n for 0<t<1 )

tk .

Definition (2.2) (7 degree B—spline,
n* degree B-spline o
The formula for g pline ¢, nctions is

p"(t) = Zp(}(l H"ith 0<t<1 (3)

Lemma (2.1): Consider the B-Spline curve defined in (3) then the k-th derivative for n > 1 can be evaluated as:

1+k-1

n-k H(
@ p O Z = (1 £)" ¥t Z( 1)“{ jp,” for k=12..n 0<t<l (4)

Proposition (2.1): For" 2 1, the control points Pk can be written as:

p"(0) o if k=0
o
Py = Zk:ﬁ d'gt”i(O) +p(0) ;if k=123,...,n-1 (5)
il AUE))
p" (@) if k=n

3. The mean results

Proposition (3.1): The general form of n" degree B-spline function can be written as:
p"(t) = leld P (0)(1 t"t' +t"p"(1) ; for n>1 and 0<t<1 (6)
Proof: From (3) and (5)

(I]
pn(t):(1_t)npn(0)+nz“(r:](l_ n|t| ZI: - r dfgtnr(0)+p0 +tnpn(1)
i=1 rl n_j)

=0
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i=0

= j=0
n i+r n—r
i+r r) i
- Y
(n—1J)
But 10
n n711 nrl n—i—r ¢i+r dr no n n
p(t) = ﬁ{ (1 0"t } v |
r=0 i=0 Let|:r+|
n711 ! no n—i n n
=35 stf )a_ ") t' +t"p a)
i=0 '-

h
Theorem (3.1).Recall the N n' degree B-Spline in eq (6) ,then the fractional derivative of By order with
respecttot is

s £ <d'p"(0) 1“(ﬁ+n+l)I _nk, n ()40
I?p(t)_r(—ﬁi+n+l){§‘ dt’ (F(ﬁ+|+1) “tj+n!p(1)t}

7

~O®

Proof: Take of eq(6) with respect to t

Bp'()- {nZl . n(o)[D(t'—t )j+p (1)Dt}

71t dt! =12, ...,m
F+ht-a)™ .|
) ro-pn A
D(t-2)" =
r(q+1)(t-a)"” q>-1: B >0
Since r@+4 +1) | o
p"(0) I o n! M s
Dp (t)= Z,. X! [F(—,Bi+|+1)t F(—,Bi+n+1) j P ()F( B, +n+1)t
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A kldlpn(o) I'( ﬁ +n+1) ¢ n . n n
— F(—ﬁi+n+l){; dt' (F( Bi +|+1) Ht J”‘!p o }

Bi L
Ith(t)=g(t)+jk(t,s)x(s)ds ‘n-1<p <n
Theorem (3.2) : If 0 , then

B M) () P -1t
Dx(l’) (t) — X (O)t n 1 d - J’(t’s)n—ﬂiflx(lurl) (S)dS ; r =0’1’2’““
L4+ T(-p +n)dt"" 3 @)
(r)
Proof: since the fractional derivative for * (t) of order f, >0 given by
Bi 1
Dx"(t) = t,s)" A *x® (s)ds
X0 =) j( ) (s)
! d’ x4 j (t,s)" " x* (s)ds
_T(=B +n+1)dt" 5
(r) n
x(0) d t"h o 1 I( $)" % x*D (5)ds
_T'(=p;+n+1)dt" [(-B,+n+1) dt"
d n d n-1 d d n-1
—t"h = t"h =(n- t" Pt =(n-B)n-B -1)...(-B, + 1t
e A U e (=)= =D +1)
Since
(-, + n—l)t,ﬁi
T(-4,+1)

by fundamental theorem of integral calculus ,yields

X(r)(o)tiﬂi 1 d"* ¢ n—fi-1 (r+)
Mg, D Tp amart) 0K

Bi
E)X(r) (t) =

[:[i)x(t) = g(t)+jk(t,s)x(s)ds ;n=1< B, <n

Theorem(3.3) : If 0 : 9
then
0 0 Lotx"0(0) .
x"(0) =t T(-B, +1)g " (t) -T'(- ﬁ+1)z— ;forall r=012,.--
10(=-B,-k+1) ), (10)
Proof: Differential both sides of (9) r times with respecttot, to get:
dl’

Dx(t) g‘”(t)+ j K(t, 5)x(s)ds
dt’ , thenusing (8) , yields

x"(0) B 1 d" | B (r+1) t A x(0)
I'(-p, +1)t +r(—ﬁi +n) dt”lj( =9 X (S)der( —B, —k+1)
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() d_rt
97O+ ! K(t, s)x(s)ds

BiT(_
Finally, by multiplying by T (=8 +1)

and put t = 0, the proof complete .
Lemma (3.1) (Stability of B- Spline functions)

h
The form of n' degree B- Spline functions is stable if cond (A) =

Proof: From (4) and (5)

n 1 d"p"(0 o .
P"0)=p,y; 3 P’ Z( -1 ( j p ;r=12...n-1;n>1landp" () =p,
; at’ 1=0
[T(h-1)
a (11)
The n" degree B- spline functions, can be written by the form AP =B where

43

1 0 0 00 o o

-1 1 0 0 Po ndt p"(0)

1 -2 0 0 P, 1 d?

1 3 3 0 0 p n(n- l)dtzp()

A=l : B ; P=| 7 |iB=
: : : : : : . l dnl
) n-1 n-1 P, —_ p"(0)

= -t 10 -t n-2 dt"t
(-2 ()(2]()(2] b, | To-1)

0 0 0 0 1 1=0 .

p" (1)

la;|<1 forall i=123,...,n+1

the matrix A is (n+1)x(n+1) lower triangular , so we need only to show that

a.

where & the diagonal element of A inrawi. Since i =1 for all i, hence the scheme is unconditionally stable ,

this mean cond(A) = 1

4. Numerical method

In this sections, B- spline function of degree n, n =1,2,3,.... Will be used to find the approximation solution of Eq. (

1).
Approximate @) 5 1=12...m using (6 )
X (1) = p; (1) =p;"(0)@-t" )+—p, O)(t-t" )+£3—2 P (O)(t* —t") +

1 d”l o
L (n-Didet O —t") + p,@Ot" ;0<t<l
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Substitution in (1) ,yields

B n n d d2 n 2 .n dnl n-1
?{pi O)@-t )+d— p"O-t" )+5? P (O)(° -t )+-.-+( “Didet p O -t")+p," Ot }
d2
=0 (t)+lefk.,(t s)p;" (O)L-s )+—|OJ O)(s—s )+_F p;"(O)(" —s") +...
=0
e L9 O™ s+ p " (s ds 12)
(n-1tdt"* ™! !
Use egs (6, 7, 9, and 10) the optained resalt is used to determine the unknown parameters:
2. 250 L p 0 o S p () and p@ i=L2,.m
' Codt dez gt e T as following:
d—rp ) =|t AT+ t)-T'(- ,8+1)Zr: t d~ p"©)| ;r=01...n-1 (13)
at" (-4 —j+)dt™ " "7
eq (12) can be written by Ap" =B where A= (a“) =12, (14)
and
1 1
——r(—ﬁi +n+1)jkij(1,s)s”ds i
_ (15)
a; =
1——r( B +n+1)jk (L, s)s"ds =]

pn :[pl (1)7 p2 (1)7 p3 (1)77 pmn(l)] ,and B = (bl) ,Where

13 n (-8 +n+]) 14" n
b = n&dr .()(rl B 1)) 1)J —F( ,3+n+1)|: (1)+Z_1‘@k.,(ls)z gt 7 "0)@" s)dsﬂ

jk“ @, s)z r d - p "(0)(s" —s")ds and jk (4,s)ds
Compute © 0 by (Newton-Cotes method)
Then Eq. (14) can be solved by Gauss elimination method.

5 The convergence of this method

Theorem (5.1): Assume that the existence and uniqueness solution for (1) is exist. |If
t =t,+rh ,r=012..., and 0<h<T ;kij(x,t)‘<N;i,j:l,2,---,m (16)

min

T Z{TTJ} and[(m—z)r(—ﬁi+n+1)Nj

min (n+1)!

where (17)

then, the B-spline function method converges to the unique solution of equation (1)
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Proof

0<t<1l and t =rh ,r=012...,1

Since ,Substitute in eq(15) yields

Ih
Lrep +n+1)[k, (Ih,s)s"ds Q%
n! 5

a,

Ih
1—1r(—/3>i +n+1)jkij(|h,s)s”ds =
n! 0

Fori=12,....m
SR T n 1l D=6 +n+)N(I™
;]aij\ =§ﬁr(—ﬁ, +n+1)_(|; k;Ihs)s d%gg T

2|2 [L-Q(h)|

‘ < (m-1)Q(h) (18)

and (19)

C(=B; +n+)N(h)"™
(n+1)!

Q(h) =
where
i‘aij‘<|aii| for i=12,...,m
E (20)
From (16) and(17) yields (m-DQ(M) <[L-Q(h) (21)
And the condition (20) is satisfied.

6. Numerical examples

45

In this section, Example of numerical solution of Eq (1) by means of the approximate described in sections (3
- 4) is given. To better analyze the numerical results, we have chosen those problem which have analytical solutions

of simple type.

Example (1): Consider the system of LFIDEV'S

0. 3 2 4 t

5 i_g UL _
Dx(0)=progt! —¢' 55+ { [(L—ts)(%,(3) + X, (3))]ds

0.5 2 1 t2 t
DX,(t) =——t 2 +e'erf (+t)—e' —te' —t——+l+.|.[(1+t)x2(s)+ X, (s)]ds
t \/; 2 0
075 2 _3 1 142 L
D x,(t) = t 4+ t4 ——+t—de' —te' +4+ |[x.(s)+2x,(s) +e"*x,(s)]ds
t .25 @125 2 )

X, (t)=e' and x,(t)=2+t

where the analytical solution X, (f) =t
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Table 1: the error decreases substantially of the B- spline degree is increased for example (1)

B' Spllne pl p2 p3 p4
0.76835 | 0.12953 | 0.04283

Lsg X® 1.1201e™

Table 2: the numerical results obtained for example (1) when h =0.1

t XO-00O] | |xO-BO| | |%0-pe)
0 0 0 0

0.1 0.000329 0.0028 0.000333
0.2 0.000648 0.0046 0.000661
0.3 0.000946 0.0053 0.000973
04 0.0012 0.0051 0.0012

05 0.0014 0.0042 0.0015

0.6 0.0015 0.0028 0.0016

0.7 0.0015 0.0015 0.0015

0.8 0.0013 0.0013 0.0013

0.9 0.000802 0.0000778 0.0008164
1.0 0.000064 0.000482 0.0000052
LSE ] 1.1456e ™ | 1.1201e™ | 1.236e™™

Table 3: Comparison between the exact solution and the numerical solution of Example (1) with different

value of h
LSE h=0.1 h =0.05 h=0.01
[x@-p®)| | 1.1456e°° | 4.1354e°" | 1.7283¢™
[x®-pi)| | 1.1202e** | 7.3138e* | 2.5294e "
IO-pie) | 1.236e°* | 27203 | 3.1157¢*

Conclusions

According to the numerical results which obtaining from the illustrative example, we conclude that for
sufficiently small h we get a good accuracy, since by reducing step size length the least square error will be reduced.
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