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Abstract

The purpose of this paper is to prove the strong convergence theorem and data dependence result for special
types of iterative that is Picard S-iteration dealing with contractive-like operators.
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1. Introduction and Preliminaries

Let X be a Banach space, K ¢ X be a non empty subset and T:K — K be a map, Gursoy and Karakaya in [2]
introduced a Picard S-iteration as

X0 EK
Xn+1 = T}’n
Yn = (1 - an)Txn + anTZn
Z, = (1= Bp)x, + B Tx, n=01.2, - (1)

Where {a,,} and {,,} are real sequences in [0,1] satisfying certain control condition.

An operator T is called contractive like operator [1] if there exist a constant q € (0,1) and strictly
increasing and continuous function ¢: [0, ] — [0, oo] with ¢(0) = 0 such that for each x,y € X

ITx = Tyll < qllx = yll + @(lIx = TxI) (12)

In [4] Soltoz and Grosan studied a data dependence result of Ishikawa iterative Scheme using Contractive-
Like operator, while Asduzaman and Zulfikar Ali [3] established a data dependence result of Noor iterative Scheme
dealing with Contractive-Like operator. In this paper we study data dependence of Picard S-iteration for the same type
of operators.

By the same argument of proof lemma (2.4) in [3], we can prove:
Lemmal.l

Let {x,,} be a non-negative sequence for which one supposes there exists n, € N, and a constant k such that
for all n > n, one has satisfied the following inequality

Xn+1 < k[(l - 5n)xn + 5n0n]
Where 6, € (0,1),Vvn €N, Y, 8, =, and g, =0 ¥n € N. Then

0 < limsupx, <k lim supa,

n—-oo n—-oo
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Remark 1.2 [3]
Let {d,.} be a non-negative sequence such that d,, € (0,1] for all n € N. If Y;7_; d,, = o then [[;—,(1 —
adn=0.
$1. Main Results:
In this section we give our main theorems. First we will prove that a sequence {x,} obtain from (1.1) converges
uniquely to a fixed point of operator (1.2)

Theorem 2.1;

Let X be a Banach space, K be a non empty closed convex subset of X, and let T: K — K be a contractive-
like operator with fixed point p. Then for all x, € K the Picard S-iteration converges to the unique fixed point of T if
=1 Apfn = o and lim,, ., a, = 0.

Proof:
First we prove that the Picard S-iteration converge to the fixed point p of T for all x, € K.
From (1.1) and (1.2) we get

lxns1 —pll = ITy, — Toll
< qlly, —pll
< CI||(1 - an)Txn + anTZn - p”
< q2(1 - an)”xn - p” + qzan”Zn - p”
< q2(1 - an)”xn - p” + qzan[(l - lgn)”xn - p” + IBn”Txn - p”]
< q2(1 - an)”xn - p” + qzan(l - Bn)”xn - p” + qS(XHBn”Xn - p”
< qz[(l - anlgn) + qanﬂn]”xn - p”
Thus by induction we get:

IXn+1 =PIl < ¢*™llxo — pIII(L — @nBn) + qanBull(l — @p_1Bn-1) + qan_18n-11-+[(1 — aoBo) + qaoPol

But (1 - anlgn) + qanﬂn =1- anlgn(l - Q) vn €N
Therefore
n
ltnes —pll < g2 | |- @bt D)o —pll - (22)
k=0

Since Y50 ax i = oo implies Y o(1 — ;B (1 — q)) = oo for all g € (0,1). So, using Remark (1.2) we get

n—oo

im [ [@-ape@-0)=0 (22
k=0

From (2.1) and (2.2) we get lim,,_, llx,+1 — Il = 0.

Now to show that the fixed point p is unique, suppose that T has two fixed point p and r then
lp —rll =ITp — Trll < qllp — Il + (llp — Tpll) = qllp — 7l

This implies that p = r since q € (0,1).

Now we discus the data dependence result

Theorem 2.2:

Let X be a real Banach space, K € X be a nonempty closed convex set, T: K — K be a contractive-like
operator with a fixed point p and S: K — K be an approximate operator to T with a fixed point p*, that is, [Tz —
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Sz|| < e for all z € X where € is a fixed number. If {x,} is a sequence generated by (1.1) such that 8, = % and
Anfn = % for alln € N, then

N 4q+4q?%+1
— < AT T
llp —p*ll < -a)
Proof:
For a given xq, u, in K and for all n € N, the Picard S-iteration for T and S are:
Xn+1 = T.Vn Upt+1 = Svn
Yn = (1 - an)Txn +a,Tzy, Un = (1 - an)Sun + apSwy
Zn = (1 - lgn)xn + IBnTxn Wp = (1 - lgn)un + lgnsun
Now
lxns1 — tnsill = ITyn = Svpll < [ISvy — Topll + ITv, — Tyl
< e+ qllyn — vl + oy, — Tynll) -+ (23)
Note that
”,Vn - Un” = ”(1 - an)Txn + anTZn - (1 - an)Sun - anSWn”
< (1 - an)”Txn - Sun” + an”TZn - SWn”
< (1 - an)[llsun - Tun” + ”Tun - Txn”] + an[”SWn - TWn” + ”TWn - TZn”]
< (1 - an)[e + q”un - xn” + (p(”xn - Txn”)] + an[e + q”Zn - Wn” +
pzn—7Izn 2.4
But

< (1 - lgn)”xn - un” + lgn”Txn - Sun”
< (1 - lgn)”xn - un” + Bn[”sun - Tun” + ”Tun - Txn”]
< (1 - lgn)”xn - un” + IBTL[E + q”un - xn” + (p(”xn - Txn”)]
< ”xn - un”[(l - lgn) + IBnQ] + IBnE + Bn(p(”xn - Txn”) (25)

Putting equations (2.3), (2.4), and (2.5) together we get

”xn+1 - un+1” <e+ q [(1 - an)(e + q”un - xn” + (p(”xn - Txn”)) +a, (E + (p(Zn - TZn) +

gxn—unl —fn+fng+pne+ fnpin—7Txn+pyn—7yn

< qzllxn - un”[l - anlgn(l - Q)] + 6(1 + q + qzanﬂn) + (P(”Xn - Txn”)[‘](l - an) + qzanﬂn]
+ anqo(llz, — Tz, ) + @(llyn — Tynll)
Since,q # 0

1 1 1 «a
s =l < 6% 1= @@ = @l =l + (42 + i) e+ (0= @) @l — Tl
a 1
72 gz =Tz, + 5+ 9y, — Tyl |

But, 5, = %and anfn = = Vn, thererfore

1
4
21 — Unsall <

q2 [1 - anlgn(l - Q)”xn - un” + an,gn(l - Q)

4 4 2 2 4
(z+a+1)et(G+1) o Un=Txnl)+ 0 Ulzn=T 2D+ 70 Ulyn=Tynll)
(1-9)
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Since ¢ is continuous function and all the sequences {x,},{y»}, and {z,} converge to p the fixed point of T then

Now, if we put

On = anlgn(l - q)
4 4 2 2 4
(&+2+1)e+ G+ 1) 0l = Txal) +2pClzy = Tzal) + 5 @Cllyn = Tyul)
(1-9)

Oon =
Then, using Lemma (1.1) we get
JLrgosup”xn+1 — Unal

(&+2+1) e+ (C+1) 0l = Txal) +2pClzy = Tzal) + 5 @Cllyn = Tyul)

< lim sup g2 -4
RIS 1-9)
Which implies
4q +4q* + 1
lp—p*ll £ ————
p—p q(1-q)
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