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Abstract 
 
 

In this paper, we shall study some tensor fields in tangent bundles defined by  lifts of paracontact structures.  
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1.  Introduction 
 

Let nM  be a paracompact differentiable manifold of dimension n . We denote by )( n
p
q M   the set of all 

differentiable tensor fields of type ( , )p q  on nM , and  let )(1
1 nM , )(1

0 nM  and )(0
1 nM   be a 

tensor field of type (1,1) , a vector field and 1-form on nM , respectively. If ,   and   satisfy the conditions 
( ) 1,    

 

(1.1)  
2 ( )X X X      

 

for any  )(1
0 nMX  , then nM  is said to have an almost paracontact structure ( , , )    and nM  is 

called an almost paracontact manifold ([3], [5]). Then the equations  
0,   

 

(1.2)                                                           ( ) 0 ,X     
 

1rank n    
hold good. 
 

Every almost paracontact manifold  nM  admits an associated Riemannian metric tensor field g  such that 
([2], [5]) 

( , ) ( ) ,g X X   
 

 (1.3)                                     ( , ) ( ) ( ) ( , )g X Y X Y g X Y       
 

for any  )(, 1
0 nMYX  . The structure  ( , , , )g    is called almost paracontact Riemannian structure on 

nM . Let ( )nT M  be a tangent bundle  of nM  with a natural projection : ( ) ( : ( , ) ( ) )i i i
n nT M M x y x   , 

and  let f  be a function on nM . Then the vertical lift of f , denoted by  vf   is defined by vf f   .   
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Let X   be a vector field on nM . The vertical lift of X  to ( )nT M  denoted by vX  is defined by 

( ) ( ( ))v vX ı X  ,   being an arbitrary 1-form on nM  and ı  is regarded as a function on ( )nT M  in the form: 
s

sı y  . 
 

Then  the formulas [3] 
 

 0, ,vv v v vX f fX f X  0,v vI X    ,0vv X  

    (1.4)   ,vvv ff     ,0, vv YX 0,v vX   
 

hold good, where 0
0( ),nf M 1 0

0 1, ( ), ( ),n nX Y M M  1
1( ), .

nn MM I id    
 

The complete lift of the function f  on nM  to ( )nT M , denoted by ,cf is defined by ( ).cf ı df  The 

complete lift of  X on nM  to ( )nT M , denoted by ,cX  is defined by ,)( ccc XffX  and the complete lift of   

on nM  to ( )nT M , denoted by ,c  is defined by .))(()( ccc XX    Then we known that ([3], [5]): 
 

                             ,)( ccvvcc XfXfXffX   

                               ,vvc XffX       ,vcv xx    

(1.5)                      ,vcv XffX    ,vcv XX    

                               ,vvc XX     ,ccc XX    

                                   ,ccv XX        ,vvc XX            
                              II c  , ,vcv XXI      ,,, ccc YXYX   , , .vv cX Y X Y     
 

2. Lifts of Almost Paracontact Structures 
 

Let  ( , , )    be a paracontact structure on nM . From (1,.1) and (1.2), we get on taking complete, vertical 
and horizontal lifts ([3]) 

 

(2.1)                                       

2( ) ,
0, 0, 0 ,

0, ( ) 0, ( ) 1,
( ) 1, ( ) 0

c v c c v

c v c c v c

c c v v v c

c v c c

I    

     

     

   

    

  

  

 




 

and 

(2.2)                                        

2( ) ,
0, 0, 0,

0, ( ) 0, ( ) 1,
( ) 1, ( ) 0.

H v H H v

H v H H v H

H H v v v H

H v H H

I    

     

     

   

    

  

  

 




  

We now define a (1,1) tensor field ccvvcJ    on ( )nT M . We have 

    cccvvccc XJJXJXJ  2
 

                cccvcvc XXXJ    

                   ccvvc XXXJ    
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                   ccvvcccvvc XXX   )(     
cvvccc XX ))(()))(((    

              )))(( ccvv X   

             

           cc X2)( vcvX  ))(( cccX  ))((  

            
 )))(( ccvv X   

             

           cvcccvc XXX )()(  vcvX  ))((  

             )))((( cvv X  )))(( ccvv X   

             

             cvcvc XXX  ))(())(( vcvX  ))(( cccX  ))(( vv X )))(((   

            
cc X )))(((   

            .       
 

If we use (1.5)  and  (2.1),  then we get 
 

2 .c cJ X X  
 

Similarly, we can prove that 2 v vJ X X ,  i.e. J   defines an almost product  (paracomplex) structure on 
( )nT M : .2 IJ   On the other hand, if we now define an  (1,1)-tensor field  HHvvHJ    on 
( )nT M ,  then from  (1.5)  and  (2.2)  we can show vv XXJ 

2
 and HH XXJ 

2
, which give that J  is an almost 

product (paracomplex) structure on ( )nT M . Thus we have 
 

Theorem  1.  If ( , , )     is a paracontact structure on nM ,  then there exists on tangent bundle ( )nT M  an almost 

product (paracomplex) structure defined by lift ( ).J J   
 

3. Nijenhius Tensor of Almost Paracontact Structure 
 

Let F  be an almost product structure on nM . We say that F  is integrable if the Nijenhuis tensor FN  of 

F  is identically equal to zero. The Nijenhuis tensor FN  is defined by 
 

                                           , , , ,FN FX FY F X FY F FX Y X Y      

for any )(, 1
0 nMYX   (see, for example [1]).  

 

Theorem  2.  Let J  be an almost paracomplex structure  on tangent bundle ( )nT M  defined by 
ccvvcJ   .  J  is integrable  ( )0),( cc

J YXN  if   0)(  YX   and 0N  , where 

       2( , ) , , , ,N X Y X Y X Y X Y X Y           . 
 
 
 
 
 
 
 
 
 

 )))(( vvvv X  ccc X ))(( 
 vvcc X  ))((( cccc X  ))(((

)))((( cvv X

 ))((())(( vvvvX  ccc X ))(( 

 vvcc X  ))((( cccc X  ))(((
cccX  ))((

))((())(( vvvvX  ccc X ))(( 

 )))((( vvcc X  cccc X  ))(((

 ))((())(( vvvvX  ))())(( cvvcX 

 ))((())(( vccvX  ))(())(( ccvcX 

)))((()( vvccc XX  
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Proof.  Calculating  ),( cc
J YXN , c v v c cJ          , we get 

       cccccccc
J YXJYJXJJYXJJYJXN ,,,, 2  

    cccvvccccvvc YooXoo   ,  
    cccvvccccvvc YooXoo   ,  

     ccccccvvcccvvc YXYXoooo ,,    

             ccvvcccvvc YYYXXX   ,  

        ccvvccccvvc YYYXoo   ,  

         cccccvvcccvvc YXYXXXoo ,,    

                     vvccvvccccvvc YXXXYXXX  ,,   

               ccccvvcccccvvc YXooYXXX  ,,   

         cccccvvcvvcccvvc YXooYXoo  ,,   

        cvvccvvcccccvvc YXooYXoo ,,    

       cccccccvvc YXYXoo ,,    
                      vvcccccvvcc YXYXYXYX  ,,,,   

                 cccvvccvvvv YXYXYX  ,,,   
                  ccvvcccccccccvv YXoYXYXYX   ,,,  

           vvcccvvcvvvvcccccc YXoYXoYXYXo  ,,,   
           cccccccccccvvcccc YXYXoYXoYX ,,,,    

            cvvvvcvvcccccccvv YXoYXYXoYXo ,,,,    
          cccvvcccccvvcc YXoYXYXo ,,,    
     ccccccc YXYXo ,,    

                  vvcccccvvc YXYXYXYX  ))((,,,,   
                   cccvvccvvvv YXYXYX  ,,,   
                 cvvccccccccvv YXoYXYXYX  ,,,,   

            vvcccvvcvvvvccccc YXoYXoYXYXo  ,,,,   
             ccccccccccvvcccc YXYXoYXoYX ,,,    

           cvvvvcvvcccccvv YXoYXYXoYXo ,,,,    

           cccvvccccvvvcc YXoYXYXo ,,,    

     cccccc YXYXo ,,    

                vvccvvc XYYXYX   ,,  
              cccccc XYYX   ,  
                     vvvvvvcvcv YXYXXY  ,,   

              vvvvvvvv XYYX    
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               vvccvcvc YXYX   ,  
                   ccccccccvv YXXYXY   ,  
               ccvvcvcv YXYX   ,  
                     ccccccccvvcc YXYXXY   ,  
                 vcccccccvvcccccc XYYXoYXoYXXY  ,,,,   

            vvcvvvcvvvvvcc YXoXyoYX   ,       vcvcc XYo  ,  
                 ccvvcccccccvvccc XYoYXXYYXo  ,,   

              ccccccccccccccvv YXYXoXYoYXo ,,    

             vvvcvvvcccccvv XYYXYXoYXo   ,,,  

         vvcvvcvvvv XYoYXo   ,  

         vvccccvvcc XYoYXo   ,  

                  cccvvccvvcccccccc XYoYXoXYYX   ,,  

          cccccccccc YXXYoYXo ,,    

                        ccccvvvvc XYYXxYYXYX   ,,,  
                          vvvvvvvvvvv YXYXYXXY   ,,  

                             cvvvvcvccvvvv XYYXYXXY   ,  

                          cvvvcvcccc YXYXYXXY   ,,  

                             ccccccccccvvc XYYXYXXY   ,  

               vvcvccccccvvcc YXXYYXoYXoYX   ,,,,  

             vvccvvvvvvvv XYoYXoXYo  ,,   
 

  ccvvccvv

ccccccvvcc

YXoXYo

YXXYYXo





)))(((,))((

))(((,))(())(((




 

          cccccccccc YXYXoXYo ,,    

        vvvcccccvv YXYXoYXo ,,,    

             vvvvvvvvvvvc XYoYXoXY   ,  

             cccvvccvvcc YXXYoYXo ,,    

             ccvvccvvccc XYoYxoXY   ,  

          ccccccccc YXXYoYXo ,,    
From  here,  using (1.4), (1.5), (2.1)  and   0)( X  ,  0)( Y , we  have    

         ccccccvvccc
J YXYXoYXoYXYXN ,,,,,    

             , , , , , , ,c c c c c c cv v c co X Y o X Y X Y X Y J X Y J X Y X Y                 

          cccc YXYXYXYX ,,,,    

   cYXN , . 
 

Thus, the proof of Theorem 3.1  is completed. 



Haşim Çayır                                                                                                                                                                57 
 
 

 

4. The Purity Conditions of cg  
 

Definition 1. ([1])  Let )(1
1 nM  be an affinor field on nM . A tensor field t of type ),( sr  is called pure 

tensor field with fespect to  if  
 

(4.1)   

for any )(,...,, 1
021 ns MXXX   and ),(,...,, 0

1
21

n
r M  where '  is the adjoint operator of    defined 

by   
                                                . 
 

In particular, from (4.1) we obtain the purity condition ),(),( YXgYXg    for )(0
2 nMg  . The 

complete lift of g  to the tangent bundle ( )nT M  is defined by ( , ) ( ( , ))c c c cg X Y g X Y  for any )(, 1
0 nMYX   

(see [5]). 
 

Theorem 3. Let cg  be a complete lift of associated Riemannian metric of almost paracontact structure 
( , , , , )nM g    to tangent bundle ( )nT M .  If     

 

 for any )(, 1
0 nMYX  , then  cg  is pure with respect to the almost paracomplex structure 

.ccvvcJ    
 

Proof.  Calculating  the complete lift cg , we get 
 

),(),( cccccc JYXgYJXg   
     cccvvcccccccvvcc YooXgYXoog   ,  

    
    ccccvvcccc

cccccvvccc

YoYoYXg
YXoXoXg









,
,

 

       
       ccccccvvcccccc

cccccccvvccccc

YoXgYoXgYXg
YXogYXogYXg





,,,
,,,




 

          
          ccccccvvcccc

cccccccvvcccc

YXgYXgYXg

YXgYXgYXg





,,

,,,




 

1 2 1 2

1 2 1 2

1 2

1 2

1 2
'

1 2
1 2

'
1 2

1 2
'

1 2

( , ,..., ;  , ,..., ) ( , ,..., ;  , ,..., )

( , ,..., ;  , ,..., )

( , ,..., ;  , ,..., )

( , ,..., ;  , ,..., )

( , ,..., ;  , ,..., )

r r

s s

r

s
r

s
r

s

r

s

t X X X t X X X

t X X X

t X X X

t X X X

t X X X

       

   

  

  

  















'( )( ) ( ) ( )( )X X X      

    0 YX 
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, , ,

, , ,

vc cc c c v c c c c c

cc vc c c c v c c c

g X Y g X Y g X Y

g X Y g X Y g X Y

    

    

  

  
 

From  here,  using (1.5)  and  , we have  

   , ,c c c c c c c cg X Y g X Y  , 
 

which follows directly from of purity condition  of  g . On the other hand, since g  is pure with respect to 
  (see [2]),  the proof of  Theorem 4.1  is completed. 
 

5.  Tachibana Operators Applied to cX and vX  

Definition 2. ([1]) Let )(1
1 nM , and 






0,

)()(
sr

n
r
sn MM  be a tensor alebra over .R  A map  │

)()(:
*

0 nnsr MM   is called a Tachibana operator or  operatör on nM if  

(a)  is linear with respect to constant coefficient, 

(b) )()(: 1

*

n
r
sn

r
s MM   for all r and s, 

(c) LKLKLK
CCC

   )()(  for all
*

).(, nMLK   

(d) XLY YX )(   for  all )(, 1
0 nMYX  , where YL is the Lie derivation with respect to Y , 

(e) ))(()))((()))((()( XLXoıdXıdY YYYX    

               ))(()()))((( XLıXXıX YYY     for all )(0
1 nM and )(, 1

0 nMYX  , where 

.)( YYı
C

Y    
 

Theorem 4.  Let cX  be the complete lift of X  to  tangent bundle  ( )nT M . If  J  is an almost 

paracomplex  structure defined by c v v c cJ           , then the Tachibana operator associated with J  and  

applied to cX  have  an expression:
                         

                                       
   , ,c

c cc
JY

X X Y J X Y    .  
 

Proof.   
       c

X
c

X
c

X
c

JY YJLJYLYJLX cccc 
 

                     cccc YXJJYX ,,   

                       ccccvvccccvvcc YXooYooX ,,    

                 
         ccccccccvvcccc YXYoXYoXYX ,,,,    

                       ccccccvv YXoYXo ,,    

                 
          ccccccccvvccc YXYoXYoXYX ,,,,    

                      ccccvv YXoYXo ,,    

                 
         cccccccvvcc YXYoXYoXYX ,,,,    

                      ccccvv YXoYXo ,,    

                 
         ccccccvvcc YXJYoXYoXYX ,,,,    

    0 YX 



Haşim Çayır                                                                                                                                                                59 
 
 

 

                 
          ccccccvcvcc YXYXYXYX ,,,,    

                       ccccvv YXoYXo ,,    

                
           cccccvvcc YXYXYXYX ,,,,    

                      ccccvv YXoYXo ,,    

                                   ccccccvvcvcvc YXXYYXXYYX   ,,,  

                        ccccvvcc YXoYXoYX ,,,    

                
                   ccccvvvvc YXXYYXXYYX   ,,,  

                        ccccvvcc YXoYXoYX ,,,    

  
                    ccccvvvvcc

jY YXXYYXXYYXXc   ,,,  

                        ccccvvcc YXoYXoYX ,,,    
                    ccccvvvvcc

Yoo YXXYYXXYYXXcccvvc 





,,,)(  

                         ccccvvcc YXoYXoYX ,,,    
                    ccccvvvvcc

YYY YXXYYXXYYXXccvc 





,,,)))(())(()(  

                           ccccvvcc YXoYXoYX ,,,    
 

Putting ,YY   by virtue  of   (2.1)  and  2( )c c cY Y   we have  

         ccccvvcccccc
Y YXoYXoYXYXXcc 


,,,)(, 2

)( 2 
 

   ccc
Y

c
JY YXJYXXX cc  ,, 

  

Theorem 5.  Let vX  be the complete lift of X  to  tangent bundle  ( )nT M . If  J  is an almost 

paracomplex  structure defined by c v v c cJ           , then the Tachibana operator associated with J  and  

applied to cX  have  an expression:
                         

                                            vvv
Y

v
YJ

YXJYXXX cc  ,,  .  

Proof: 

     c
X

c
X

c
X

v
YJ

YJLJYLYJLX vvvc       cvcv YXJJYX ,,   

                    cvccvvccccvvcv YXooYooX ,   

                          cvvvcvccccvcvvvccv YXoYXYoXYoXYX ,,,      

                   cvcc YXo ,  

                           vvvvccccvcvvvcv YXoYXYoXYoXYX ,,,,,           

                   vcc YXo ,  

                          vvvvccccvcvvvv YXoYXYoXYoXYX ,,,,    

                   vcc YXo ,  

                        vcccvcvvvv YXJYoXYoXYX ,,,,    
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                            vvvvccccvvcvvv YXoYXYXYXYX ,,,,    

                   vcc YXo ,  

                           cvccvcvvvvcvv XYYXXYYX  ,,,                     
 vcccV YXJYX ,)))(((    

                               vcvvvvvvv XYYXXYYX  ,,,     ccv YX   

                     vYXJ ,  
              vcvvvvvvvv

JY XYYXXYYXXc  ,,, 
 

                    vcv YXJYX ,   



v

Yoo Xcccvvc )( 
               vcvvvvvvv XYYXXYYX  ,,,   

                    vcv YXJYX ,   



v

YYY Xccvc 
 )))(())(()(

              vcvvvvvvv XYYXXYYX  ,,,    

                    vcv YXJYX ,   
From (2.1)  and  2( ) ,c c cY Y   we have 

 
v

Y Xcc 2)(        , ( ) , , , ,v v v vc v v c cX Y X Y o X Y o X Y             
 

   , , .c c

v vv v
JY Y

X X X Y J X Y     
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