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Abstract

In this paper, we shall study some tensor fields in tangent bundles defined by lifts of paracontact structures.
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1. Introduction

Let M, be a paracompact differentiable manifold of dimension n . We denote by Sc’; (M) the set of all

differentiable tensor fields of type (p,g) on M, and let pe3; (M), £E€ T (M,) and ne3I)(M ) bea
tensor field of type (1,1) , a vector field and 1-form on M, respectively. If ¢,& and 7 satisfy the conditions
n(¢)=1,
1.1) P*X =X —n(X)&

forany X e3;(M,), then M is said to have an almost paracontact structure (¢,&,n) and M s
called an almost paracontact manifold ([3], [5]). Then the equations

¢ =0,
(12) n(eX)=0,
rankp =n-1
hold good.
Every almost paracontact manifold M, admits an associated Riemannian metric tensor field g such that

([2], [5])
g9(X, &) =n(X),

(13) 9(X,Y)=n(X)n(Y) = g(eX,pY)

forany X,Y e 34(M,). The structure (¢,&,17,9) is called almost paracontact Riemannian structure on
M, .Let T(M,) be atangent bundle of M with a natural projection 7:T(M ) —> M, (7:(x',y")— (X)),
and let f beafunctionon M . Then the vertical lift of f, denoted by f" isdefinedby f'=fox.

! Giresun University, Faculty of Science, Dep. of Mathematics, Giresun, Turkey. Email: hasim.cayir@giresun.edu.tr



Hasim Cayir 53

Let X be a vector field on M . The vertical lift of X to T(M,) denoted by X" is defined by
X'(@)=(n(X))", n being an arbitrary 1-formon M, and m is regarded as a function on T(M ) in the form:
m=ys.

Then the formulas [3]
XE'=0, (fX)' = £'X*, I'X" =0, "(X")=0,
14) (fn)" = £9",[X",Y"]=0,9"X" =0,
hold good, where f € 33(M ), X,Y € 3;(M,), ne3N (M), peI:(M,), 1 =id,

The complete lift of the function f on M to T(M,), denoted by f°,is defined by f°=1u(df). The
complete lift of X on M to T(M,), denoted by X°, is defined by X °f ¢ =(Xf)°,and the complete lift of 1
on M, to T(M,), denoted by n°, is defined by (X ) = (n(X))®. Then we known that ([3], [5]):

(fX)" = X" + FYX° =(XF)°,
Xf=(xE)" ()= (0),
(15) XVEe=(Xf), @' X =(pX)",
¢ X“=(¢X) (¢X) =" X",
n*(X€) =@}, n°(x )= (),
1°=11" x° - XV, [x Yel= XYL XY= XY T
2. Lifts of Almost Paracontact Structures

Let (@,&,7m) be a paracontact structure on M . From (1,.1) and (1.2), we get on taking complete, vertical
and horizontal lifts ([3])

(@) =1-1"®&-n"®¢",
q)cgv :0’ q)céc :0’ T,VO(DC :0’

(2.1)
nco(pCZO’ nV(éV)zo’ T]V(éc):l,
n°(E)=1n°(&%) =0
and
(") =1-n"®&" e,
2.2) PHE =0,p"EN =0, o &M =

n" o™ =0,17"(¢")=0,1"(&") =1,
n"(£)=1n"(&")=0.
We now define a (1,1) tensor field J =@ — &Y ®@n' —£°®n° on T(M,) . We have
Jx°—( )J( —E'®n' —E°@n°)X°)
=3{(x ) - (Xl - (x k)
=3l > J0O 8 0
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—(p° —&" ®n' —&° ®n°)(pX ) ~ (X)) E" —(p(x)re’)
0t (X ) — 0" (1(X))* EY) —@ ((X))*E%) = &" ®n* (p(X))*
+&" @R (n(X)) &)+ & ®@n'(n(X))°S%) - &° ®n°(p(X))*
+&°®n°((M(X))'$" + & ®@n°(((X))*&°
=(0°)* X = m(X)) @°¢" — (X)) P& — &' (" (p(X)))
+(M(X)'E @ EN+E " ((X))° &%) - &° ®n(p(X))*
+&E° @R ((M(X))'E" + & ®n°(m(X))°&°
=X = (£"®@n° )X = (&F ®n )X - (X)) &’ — (X)) p°&°
=& M (X)) + (XY (E" M (EN+E" ®@n"((X))°E%) — &° ®@n°(p(X))*
+&°®n° ((M(X))' ")+ & ®@n°((n(X))*&°
=X =&" (X)) =(m(X))'&° = (X)) 9°&" — (X)) 9°&° &' (X))’
+(n(X))" (& M N+ (X)E" (&) —&° (p(X))*
+(M(X)N'E @ EN+ MXNE M ()
If we use (1.5) and (2.1), then we get
JZX°=X°.

Similarly, we can prove that J°X" = X", ie. J defines an almost product (paracomplex) structure on
T(M,): J% =1. On the other hand, if we now define an (1,1)-tensor field J =" —' ® &Y —n"™ ® " on
T(M,), thenfrom (1.5) and (2.2) we can show I°XV=X"and J°XH = xH , Which give that J is an almost
product (paracomplex) structure on T (M) . Thus we have
Theorem 1. If (¢,&,n) isa paracontact structure on M, then there exists on tangent bundle T (M) an almost
product (paracomplex) structure defined by lift J (J).

3. Nijenhius Tensor of Almost Paracontact Structure

Let F be an almost product structure on M . We say that F is integrable if the Nijenhuis tensor N of

F is identically equal to zero. The Nijenhuis tensor N is defined by
Ne =[FX,FY]-F[X,FY]-F[FEX,Y]+[X,Y]
forany X,Y € 3;(M ) (see, for example [1]).

Theorem 2. Let J be an almost paracomplex structure on tangent bundle T(M,) defined by
J=¢°—&'®n' —E°®n°. J isintegrable (N, (X°,Y°)=0) if n(X)=n(Y)=0 and N, =0, where
N¢(X,Y)=[¢X,¢Y]—¢[X,¢Y]—¢[¢X,Y]+¢2[X,Y].
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Proof. Calculating N, (X°Y®), J=¢°-&"®n'—£°®n°, we get
N, =[axe,ave]-axe,ave]-afaxe,ye [+ a2[x e, ve]
=[lp° — & on* —&0n° )X ®,(p° —&*on” —£%on° ¢ |
(co —&'on’ —éon)[x (co —&'on’ —éon)Y]
~(p° 5077 —5077 lo° —von® —&con Jxe, v +[xe,ve]
(o e O)F (oY & Y)Y )]
(o 5077 —5 on° X<, (v ) 5 ny) - &y ]
~(p* éon—éon)[x) E X ) =X Y |+ [xe,ve]
(X
(X

= |ipx =& m(X)) . (oY )H( X) =& (X)) —&°a(X)f " (v )]
~[(ox e (X)) (o éon—éon)[x <¢YJ
+(p° 5077 —5077)[ (nY)J+( —&'on" —£%n° X, & (Y )]
—(p° —&von' —&con \gX S, Y° |+ (p° - &von’ —5077)[5(77X ‘|

+(p° 5077—5077)[ ()YJ+XY

l<¢x V) =g OO (o I |- e (X)) (oY ) |- l(()) “(ov)']
e é(nYJkn ))énY)Hw(X) Y|

2 OO € ) [+ [ ), &Y ) |- o7 [x ¢ <oY ]+5oan(<oY)J
+§0n° “(pY J(o[X 5(Y éonlx 1Y) |- gfone x e ey )

)y J
vor|xe, ey |- evont|xe Yj)J £on° lx Y |- ot |ex )y
Y€

77

+&'0n"|(X ), Y+ £%0n l(px Y+ o |e (X)) Y e J—é on"|g"(mx )", Y°]
—efon®ler (X)), Y [+ ot (X)) Y |- £von [5
—efon°les(m(x)F, Yo |+ [x e, ve]

=X oY I = (X)) & () |- | () e, (o7 ) |- (X)), (v )y e ]
Oy e, bt e e lmOOr e, b ) e - llox () ¢
OOy e b0 e e |+ mOOr s, b ) e |- o° [X, oY I +£%on” [X, Y]
+E%0n° (X, oY I+ 0o [X = () &Y |- o |x e, (v ) e |- econ® X<, (Y ) e |
+o°|x° (77( e |- evon [x e, (v )y et |- econ X (Y )y e |- ot X, Y]
+2on" [pX YT +£%n°[pX YT +0° (X)) ", Y ¢ |- £ on"|m(X ) ", Y ¢
—gfont|m(X ) e Y [+ oclm(x)F e e |- gron [n(x )F e, ve
—cfont|n(x)Fee v J+[xv]

~[pX, 0¥ = (X )" |e” (oY )* [+ (0¥ ) (X)) )2

~(r()F [, (o)) |+ (ol <>><< X)) e

—(n(Y) l((p(x ¥ |- L)) () E* + (X)) (v ) [, 7]
() @)~ ) e (X)) e
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‘on°[X, oY+ (n(v ) [x°,&"]
() g") - gron Gy < xee)
P &'on"(n(Y))S[X. ]

—évon“(x°(n(Y))°)f§° —§°0n°(n(Y))°[X,€]° —€°0n°(x°(n(Y)) Jeo — X YT

<N
=
N’
T
<
+
hS)
o < o
—_~
=
<
N’
<
[TA'N
+

[
(AN
o
=
S\
Ve
>
N—
LA
=<
+
(AN
<
o
=
=<
~—
=
—~~~
>
=
T

—5°0n°(n(x))v[€v,jf°]+€°077°(Y°(77(X))V)§“

(
—°[X oY ] +&%0n"[X, <pY] +&%0n°[X, oY [ +0°(n(Y)\ [X. ] + (X (n(Y)) &
=&%0n" (Y ))'[X, €] = &on" (X(m(Y))' & - &°0n° (m(Y))[X, &)

—E%n (X @(Y))' &+ (V) [X, E] +0° (X (n(Y))°&°

—&%on" ((Y)°[X, & —&%on" (X (n(Y))°&°

—&con®(n(Y))’[x. &f —§°0n°(X(n(Y)))°5° — X YT

+&'on [(pX Y]+ &ont[oX, Y + ot (n(X ), Y]

—ot [V (X)) e - &von” nX)éY]+§0n(((X)))

—5077(( ))[éY] +&%n (Y((X)) &+ (X))’ [e. Y]

—pt (YOO ¢~ on* ()F [, YT + £ 0n" (Y (n(X ) &°

=&on (X)) &, Y] +&on (Y (m(X)) ¢° +[x, Y]
From here, using (1.4), (1.5), (2.1) and n(X)=0, n(Y)=0, we have

Ny =[oX, oY [ = [X oY | +&%0n" [X, oY | + E%0n° [X, oY | —°[pX Y]

+&'on [pX Y I +E0n [pX Y I +[X.Y] =[¢X, oY | = I[X, Y [ = I [sX Y] +[X.Y]
=[oX, o] -lo[X.o¥ I ~[plox YT +[x.Y]

=[N, YT

Thus, the proof of Theorem 3.1 is completed.
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4. The Purity Conditions of g°

Definition 1. ([1]) Let ¢ € 37(M ) be an affinor field on M . A tensor field t of type (r,s) is called pure
tensor field with fespect to ¢ if

HOX s Xy X oo & Ern E) = (X 0X s Xy &1, E)

(X0 Xy X o )
@.1) =t(X,, Xy, X (péég)

(X, Xy X3 & 9ErnE)

12 oo
=t(X, Xy, Xg; £,&,., 08)
forany X, X,,.., X, €3y (M,) and &+,E2%,.,E" e 3V (M), where ¢ is the adjoint operator of ¢ defined
by
( p&)(X)=&(@X) =(Eop)(X).

In particular, from (4.1) we obtain the purity condition g(¢X,Y)=g(X,pY) for ge3I3(M_ ). The
complete lift of g to the tangent bundle T(M ) is defined by g°(X°,Y ) =(g(X,Y))° forany X,Y € 3{(M,)
(see [5]).

Theorem 3. Let g° be a complete lift of associated Riemannian metric of almost paracontact structure
(M,,9,¢,1,9) totangent bundle T(M ). If n(x)=n(v)=o

for any X,Ye3J;(M,), then @g° is pure with respect to the almost paracomplex structure
J=¢*-&"®n" £ ®n".
Proof. Calculating the complete lift g°©, we get
gc(IX,Y)=9g°(X*,JY°)
= g°((o° —&on" —&%on® )XY )=g°(X“(p° —£"0n" —£%0n° ) ©)
= g°p° X" - (g"on" )X ~(gon®)x ", v°)
- o (o N —(Eron))
= g%l XY ) ge((g on" Jx e, v¢)- g (e on° x° )
0" or ) ) -0 eton'
= g° (@) v )- g6 " (x Dy <) - gl (x ) }v)
=g (X (oY) ) alx e, () ) gt (x . & (e (v )
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= 0°((¢2)7¥) g€ (X)) Y ) F (& (o (X)) ¥
_ gc(xc’(¢Y)C)_gc(xc’gv(n(Y)V))_gc(xcygc(n(Y))c)
From here, using (1.5) and 7(X)=n(Y)=0, we have
gc(¢cxc’Yc): gC(XC,¢CYC),
which follows directly from of purity condition of g . On the other hand, since g is pure with respect to
@ (see[2]), the proof of Theorem 4.1 is completed.
5. Tachibana Operators Appliedto X “and X"

Definition 2. ([1]) Let ¢ € 31 (M), and (M )= > 37(M,) be a tensor alebra over R. A map 4, |

r,s=0

*

\s(M ) —> 3(M ) is called a Tachibana operator or ¢, operatér on M | if

r+s)o-

¢$ is linear with respect to constant coefficient,

(b) ¢,:3.(M,)—> 3T, (M,) forallrands,

s+l

c) ¢¢(K€C<)L):(¢¢K)€C<)L+ K€C<)¢¢L foraIIK,LeS(I\;In).
d) ¢,xY =—(L,@)X for all X,Y e 35(M ), where L, is the Lie derivation with respectto Y,
&) (Bm)Y = (A, m)(@X) — (A (i, (0P)) X +n((L, @) X)
= (X oy mM)(PX) = X (@ yn) +n((Ly@)X) for all neJI (M )and X,YeTI (M), where

lYn=n(Y)=nC§>Y-

Theorem 4. Let X° be the complete lift of X to tangent bundle T(M,). If J is an almost
paracomplex structure defined by J =¢° — & ®n' —£°®n° , then the Tachibana operator associated with J and
applied to X © have an expression:

g XE==[XY] +I[X,¢¥].

Proof.

6 X =—(L . a)e=(L,.ave-aL,.ve)

——(|xc,ave]-a[xe,ve)

=—EX°,(<0°—5V077 ~&on e+ ((pf —&'onY —&ton® x ¢
=[x, p0ve [+ [xe (Evon e [+ [ (€cont e+ ¢ X0, Y €]
—&'on'[x°,Y¢|-£con" [x°,Y°
=[x (@ ) |+ [x . (o o]+ [X
—&'on"[X, Y] —&%on°[X, Y]

xo¥ T+ [xe (ron Ve [+ [xe (econ® e ot [X Y T
—5077[ Y —&fon (X, Y]

Xo¥ T+ X (evon e Je [x e (econ® e ]+ a[x Y T

,_||_||—‘

Lo o v
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=DV F [ G (e DT D me (v e e o [, YT

= &'on'[X. YT 5 on "Xy ]

=X, oY T+ X)) e |+ [x o,y e |+ oo [X, YT
—&'on'[X, Y] 5 on[X, Y[
=X, oY I+ O ) X e ] (X)) Y + v )F [x e e J+ X)) e
+ [ X, Y] =&on"[X,Y] = &%n°[X Y]
=—[X.oY ]+ (n(v )) [, &) + (XG0 ) & + @OV IX,EF + (X)) e)
+°[X Y] = &Yon" [X,Y] = &%n°[X,Y]
B, X ==X oY [+ () X, ] + (XY )" g + () [X. ] + (X(mly)) &
+o X Y] = &on[X,Y] - &fon°[X. Y]

ey

B —cvon—zeopee X © =X [+ (V)X ] + (X (m(Y))* & + @l )) [X, €] + (X (lY))f &
+o° [ X, Y] —&on"[X,Y] —&%on°[X,Y]

Biotr oy oy X - =GOV ()X ]+ (X (Y)) & + (Y )) [X, €+ (X((Y)) &
+o X Y] = &on[X,Y] - &fon°[X. Y]

Putting Y — ¢Y, by virtue of (2.1) and (¢°)°Y°=Y° we have

Boryve X =X (@)Y [+ X Y I = &' on*[X, 0¥ ] - £%0n° [X, oY |

$, . X =0, X ==[X, Y] +I[X,pY]

A_l

Theorem 5. Let X' be the complete lift of X to tangent bundle T(M,). If J is an almost
paracomplex structure defined by J =¢° — &' ®n' —£°®n° |, then the Tachibana operator associated with J and
applied to X © have an expression:

b X' =0, X ==X Y]+ I[X Y]

By X ==L 3N ==L ave =L, ve) =(xv,ave |- axv ve)
=-|[X"(p° ~&*on" —&con° ) ° |+ (p° —&von" —&fon° X", ¥¢ |
=X, oy |+ [X ¥ (Evont e |+ [X (gcont I ¢ |+ ¢ [X ¥ Y o[- EvonY XY, Y]
—&con®[x Y]
=X oY ¥ |- [x v leron el [x v gfont e ]+ o X YT+ Evon* [X Y]
+5 on°[X,Y]
X, o] +[x(evon e ]+ [x ¥ (econ e ]+ o [X, Y] —&*on'[X, Y]
—5 on°[X,Y]
Xo¥ I+ X (gvon e [ [x v (econ® e [+ a[x Y T
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=[x+ X e e T DX e (v et ]+ o [X Y T = £von" [X, YT
—&%n°[X,Y]'
=X ¥ I b () X et ] Xl (e e+ (e ke
+(XY (°())E)+I[X, Y]
(

=X, ¥ I+ O )XY e ] X)) e + V)P [X €]+ (X (Y ee)
+J[X, Y]
By X" =X ¥ I (O ) X 2 ] X V() e~ (Y [X €]
— (X))’ 5 +J[X Y]
B sop zapyre X' = =XV ] =) [X*. & |- X ((¥)) € = (0 [X. ]
— (X)) e +I[x, Y]
Borr ooy o X' = DoV I =) [X & [ X () & (v )P [X, €]

=Xt +3[x. ]

From (2.1) and (¢°)°Y°=Y°, we have
Boryve X ==X BN+ [X. 0V ]+ &0 [X.gY ] + o[ X gY ],
@ X =@ X == [ XY +I[X, Y.
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