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A Mathematical Model of a Chemical Reaction Mechanism for Self-healing Cement 
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Abstract 
 
 

Cement structures play an integral role in modern day society but can suffer from many ailments. These 
ailments usually start as cracks in the cement. Research has been done to create a type of cement that will heal 
itself with the aid of Aspergillusnidulans fungi. The goal of this project is to use the data gathered from this 
research and create a mathematical model. Using concepts from physical chemistry and different equations 
this model will serve as a standard for this research. 
 

 

1. Introduction 
 

This is a project that utilizes chemistry and mathematics. The motivation of this project stems from a self 
healing cement experiment. We will first give a brief synopsis about the self healing cement experiment. Self-Healing 
Cement is a type of cement that heals without the aid of a maintenance team. In this experiment, the cement uses 
aspergillusnidulans fungi as a healing factor. The relative humidity of cement specimens was then plotted with respect 
to time. The mathematical part picks up from this point. Using the data points collected from a self healing cement 
experiment, we will create a mathematical model that will serve as a standard for a self healing cement project. 
 

2. Definitions 
 

There are a few definitions that need to be known before this project can be fully under-stood. The first is an 
elementary reaction. An elementary reaction shows how each molecule reacts to form the overall chemical reaction. 
This leads us to our next definition. A chemical reaction mechanism is the step by step sequence of elementary 
reactions by which overall chemical occurs. This is an important part of this project because we will convert these 
mechanisms into differential equations. The next definition is the rate law. The rate law is an equation that links the 
reaction rate with concentrations or pressures of reactants and constant parameters. The rate law is important because 
without it, we would not be able to create our model. For a generic chemical reaction aA + bBC, the rate law is r = 
k[A][B] where k is the rate constant and [A] , [B] are the concentrations of A and B in mol/L. 
 

3. Creating a Reaction Mechanism that Yields a Differential Equation 
 

In this section, we will see how a chemical reaction mechanism yields a differential equation. Consider the 
following set of elementary equations: 

 

 ܣ
݇ଵ
⇌
݇ଶ

 ܤ 

 

This equation is equivalent to the following two equations:ܣ ݇ଵ→  ܤ  and ܤ ݇ଶ→  We will use these two .ܣ 
equations to get a set of differential equations. We would like to get a differential equation for each chemical in this 
equation. Let’s begin with ܣ. The chemical ܣ is seen in each elementary equation so will have to use both.  

                                                             
1 Department of Mathematics, Morehouse College, Unites States. 



2                                                                          American Review of Mathematics and Statistics, Vol. 3(1), June 2015  
 
 

 

Chemical ܣ is being consumed at a rate of ݇ଵ and ܤ is being created at a rate of ݇ଶ. This means ܣ will have a 
negative rate while ܤ will have a positive rate. So we now can create our first differential equation: 

 

[ܣ]݀
ݐ݀

= −݇ଵ [ܣ] + ݇ଶ[ܤ] 
 

We must now construct our differential equation for ܤ. Looking at our elementary equations once again, we 
see that ܤ is being consumed at a rate of ݇ଶ and ܣ is being created at a rate of ݇ଵ . This means ܤ will have a negative 
rate while ܣ will have a positive rate. We can now create our second differential equation. 

 

[ܤ]݀
ݐ݀

= ݇ଵ [ܣ] − ݇ଶ[ܤ] 
 

So, from our elementary equations we get the following system of equations: 
 

[ܣ]݀
ݐ݀

= −݇ଵ [ܣ] + ݇ଶ[ܤ] 
[ܤ]݀
ݐ݀

= ݇ଵ [ܣ] − ݇ଶ[ܤ] 
 

This will be the format for finding the differential equations for our chemical reaction mechanism. 
 

4. Examples 
 

In this section, we will give an example of how to find the differential equations from an actual chemical 
reaction. Consider the following chemical reaction mechanism: 

 

Complex Reaction: 2 ଶܱܰହ  → 4ܱܰଶ + ܱଶ 

Elementary Step 1: ଶܱܰହ 

݇ଵ
⇌
݇ିଵ

ܱܰଶ + ܱܰଷ 

Elementary Step 2: ܱܰଶ + ܱܰଷ 
݇ଶ
→  ܱܰ + ܱܰଶ + ܱଶ 

Elementary Step 3:ܱܰ + ܱܰଷ
݇ଷ
→  2ܱܰଶ 

 

Using the same method discussed earlier, we get the following differential equations: 
 

݀[ܱܰ]
ݐ݀

= ݇ଶ[ܱܰଶ][ܱܰଷ] −  ݇ଷ[ܱܰ][ܱܰଷ] 
݀[ܱܰଶ]
ݐ݀

= ݇ଵ[ ଶܱܰହ] − ݇ିଵ[ܱܰଶ][ܱܰଷ] + 2݇ଷ[ܱܰ][ܱܰଷ] 
݀[ܱܰଷ]
ݐ݀

= ݇ଵ[ ଶܱܰହ] − (݇ିଵ + ݇ଶ)[ܱܰଶ][ܱܰଷ] + 2݇ଷ[ܱܰ][ܱܰଷ] 
݀[ܱଶ]
ݐ݀

= ݇ଶ[ܱܰଶ][ܱܰଷ] 
 

We will now find an expression for ௗ[ேைమ]
ௗ௧

with the help of the steady state approximation and some algebra. 
The chemical ܱܰଷ is not present in the final product of our complex reaction. This means it reacts so fast that we can 
set its derivative equal to zero. In other words, we have applied the steady state approximation to ܱܰଷ. 

 

Apply the Steady State Approximation to NO3: 
 

݀[ܱܰଷ]
ݐ݀

ܣܵܵ 
≈  0 

[ܱܰଷ] ܵܵܣ
≈

݇ଵ[ ଶܱܰହ]
(݇ିଵ + ݇ଶ)[ܱܰଶ] + ݇ଷ[ܱܰ]
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Substituting  ௗ[ேைమ]
ௗ௧

  into the equation we now have: 
 

݀[ܱܰଶ]
ݐ݀

ܣܵܵ 
≈ ݇ଵ[ ଶܱܰହ]{1−

݇ଵ[ܱܰଶ] − 2݇ଷ[ܱܰ]
(݇ିଵ + ݇ଶ)[ܱܰଶ] + ݇ଷ[ܱܰ]} 

݀[ܱܰଶ]
ݐ݀

ܣܵܵ 
≈ ݇ଵ[ ଶܱܰହ]{

݇ଶ[ܱܰଶ] − 3݇ଷ[ܱܰ]
(݇ିଵ + ݇ଶ)[ܱܰଶ] + ݇ଷ[ܱܰ]} 

 

If we look at our complex reaction again, we will see that the chemical ܱܰ is not present in the final solution. 
This means that we can apply the steady state approximation just as we did with ܱܰଷ. 
 

݀[ܱܰ]
ݐ݀

= ݇ଶ[ܱܰଶ][ܱܰଷ] −  ݇ଷ[ܱܰ][ܱܰଷ] ܵܵܣ
≈  0 

ܣܵܵ [ܱܰ]
≈

݇ଶ
݇ଷ

[ܱܰଶ] 

so 
ௗ[ேைమ]
ௗ௧

ܣܵܵ 
≈ ݇ଵ[ ଶܱܰହ]{௞మ[ேைమ]ାଷ௞మ[ேைమ]

(௞షభା௞మ)[ேைమ] }+ 
 

this implies that our solution is: 
݀[ܱܰଶ]
ݐ݀

ܣܵܵ 
≈

4݇ଵ݇ଶ
݇ିଵ + 2݇ଶ

[ ଶܱܰହ] 
 

5. My Chemical Reaction 
 

This brings us to the chemical reaction that is at the focus of this project. This mechanism has many 
chemicals, so keep in mind the methods discussed on how to find differential equations from chemical reaction 
mechanisms. 

 

ଷܱܵ݅ହܽܥ + ଶܵ݅ܽܥ ସܱ + ଶܱ଺݈ܣଷܽܥ + (ହܱ݁ܨ݈ܣଶܽܥ)2 +  → ଶܱܪ݊
ܵ)ଶ݈ܣ଺ܽܥ ସܱ)ଷ(ܱܪ)ଵଶ.. ଶܱܪ.(2ܱܪ26 + ܽܥଶܪ ସܱܵ݅ +  ଶ(ܪܱ)ܽܥ3

 

Elementary Step 1:ܽܥଷ݈ܣଶܱ଺ + ܵ ସܱ → ܵ)ଶ݈ܣ଺ܽܥ  ସܱ)ଷ(ܱܪ)ଵଶ..  ଶܱܪ26
Elementary Step 2:(ܽܥଷܱܵ݅ହ)ଶ + → ଻(ଶܱܪ) ܽܥଶܪ  ସܱܵ݅ +  ଺(ܪܱ)ଷܽܥ
Elementary Step 3:ܽܥସ݈ܣଶ݁ܨଶ ଵܱ଴ + → ସ(ଶܱܪ) ଷ(ܪܱ)݁ܨ +  ଶ(ଶܱ݁ܨ)ܽܥ
 

Now that we have our elementary steps, we can create a differential equation for each element. We will take 
each elementary step individually and create the differential equations. 
 

Elementary Reaction 1: 
 

ଶܱ଺݈ܣଷܽܥ + ܵ ସܱ → ܵ)ଶ݈ܣ଺ܽܥ  ସܱ)ଷ(ܱܪ)ଵଶ..  ଶܱܪ26
 

Using the same method discussed earlier we get the following differential equations: 
 

[ଶܱ଺݈ܣଷܽܥ]݀
ݐ݀

= −݇ଵ[ܽܥ଺݈ܣଶ(ܵ ସܱ)ଷ(ܱܪ)ଵଶ..  [ଶܱܪ26
݀[ܵ ସܱ]
ݐ݀

= −݇ଵ[ܽܥ଺݈ܣଶ(ܵ ସܱ)ଷ(ܱܪ)ଵଶ..  [ଶܱܪ26
ܵ)ଶ݈ܣ଺ܽܥ]݀ ସܱ)ଷ(ܱܪ)ଵଶ.. [(2ܱܪ26

ݐ݀
= ݇ଵ[ܽܥଷ݈ܣଶܱ଺][ܵ ସܱ] 

 

Elementary Reaction 2: 
 

ଶ(ଷܱܵ݅ହܽܥ) + → ଻(ଶܱܪ) ܽܥଶܪ  ସܱܵ݅ +  ଺(ܪܱ)ଷܽܥ
 

Using the same method discussed earlier we get the following differential equations: 
 

[ଶ(ଷܱܵ݅ହܽܥ)]݀
ݐ݀

= −݇ଶ[ܪଶܽܥ ସܱܵ݅][ܽܥଷ(ܱܪ)଺] 
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[଻(ଶܱܪ)]݀
ݐ݀

= −݇ଶ[ܪଶܽܥ ସܱܵ݅][ܽܥଷ(ܱܪ)଺] 
ܽܥଶܪ]݀ ସܱܵ݅]

ݐ݀
= ݇ଶ[(ܽܥଷܱܵ݅ହ)ଶ][(ܪଶܱ)଻] 

[଺(ܪܱ)ଷܽܥ]݀
ݐ݀

= ݇ଶ[(ܽܥଷܱܵ݅ହ)ଶ][(ܪଶܱ)଻] 
 

Elementary Reaction 3: 
 

ଶ݁ܨଶ݈ܣସܽܥ ଵܱ଴ + → ସ(ଶܱܪ) ଷ(ܪܱ)݁ܨ +  ଶ(ଶܱ݁ܨ)ܽܥ
 

Using the same method discussed earlier we get the following differential equations: 
 

ଶ݁ܨଶ݈ܣସܽܥ]݀ ଵܱ଴]
ݐ݀

= −݇ଷ[(ܪܱ)݁ܨଷ][ܽܥ(ܱ݁ܨଶ)ଶ] 
[ ସ(ଶܱܪ)]݀

ݐ݀
= −݇ଷ[(ܪܱ)݁ܨଷ][ܽܥ(ܱ݁ܨଶ)ଶ] 

[ଷ(ܪܱ)݁ܨ]݀
ݐ݀

= ݇ଷ[ܽܥସ݈ܣଶ݁ܨଶ ଵܱ଴][(ܪଶܱ)ସ ] 
[ଶ(ଶܱ݁ܨ)ܽܥ]݀

ݐ݀
= ݇ଷ[ܽܥସ݈ܣଶ݁ܨଶ ଵܱ଴][(ܪଶܱ)ସ ] 

 

So now, our system of differential equations is as follows: 
 

[ଶܱ଺݈ܣଷܽܥ]݀
ݐ݀

= −݇ଵ[ܽܥ଺݈ܣଶ(ܵ ସܱ)ଷ(ܱܪ)ଵଶ..  [(ଶܱܪ26
݀[ܵ ସܱ]
ݐ݀

= −݇ଵ[ܽܥ଺݈ܣଶ(ܵ ସܱ)ଷ(ܱܪ)ଵଶ..  [(ଶܱܪ26
ܵ)ଶ݈ܣ଺ܽܥ]݀ ସܱ)ଷ(ܱܪ)ଵଶ.. [ଶܱܪ26

ݐ݀
= ݇ଵ[ܽܥଷ݈ܣଶܱ଺][ܵ ସܱ] 

 
[ଶ(ଷܱܵ݅ହܽܥ)]݀

ݐ݀
= −݇ଶ[ܪଶܽܥ ସܱܵ݅][ܽܥଷ(ܱܪ)଺] 

[଻(ଶܱܪ)]݀
ݐ݀

= −݇ଶ[ܪଶܽܥ ସܱܵ݅][ܽܥଷ(ܱܪ)଺] 
ܽܥଶܪ]݀ ସܱܵ݅]

ݐ݀
= ݇ଶ[(ܽܥଷܱܵ݅ହ)ଶ][(ܪଶܱ)଻] 

[଺(ܪܱ)ଷܽܥ]݀
ݐ݀

= ݇ଶ[(ܽܥଷܱܵ݅ହ)ଶ][(ܪଶܱ)଻] 
ଶ݁ܨଶ݈ܣସܽܥ]݀ ଵܱ଴]

ݐ݀
= −݇ଷ[(ܪܱ)݁ܨଷ][ܽܥ(ܱ݁ܨଶ)ଶ] 

[ ସ(ଶܱܪ)]݀
ݐ݀

= −݇ଷ[(ܪܱ)݁ܨଷ][ܽܥ(ܱ݁ܨଶ)ଶ] 
[ଷ(ܪܱ)݁ܨ]݀

ݐ݀
= ݇ଷ[ܽܥସ݈ܣଶ݁ܨଶ ଵܱ଴][(ܪଶܱ)ସ ] 

[ଶ(ଶܱ݁ܨ)ܽܥ]݀
ݐ݀

= ݇ଷ[ܽܥସ݈ܣଶ݁ܨଶ ଵܱ଴][(ܪଶܱ)ସ ] 
 

Now that we have our system of differential equations, we would like to solve it. Before we can solve this, we 
must prove that there exist a unique solution for a system of equations. 
 

6. Theorem and Proof of the Existence of a Unique solution 
 

We will now state and prove the existence theorem. Consider the system of differential equations with 
unknown functionsݕଵ,ݕଶ, …  ௠ݕ,
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ݕ ′ଵ(ݔ) = ,(ݔ)ଶݕ,(ݔ)ଵݕ,ݔ)ଵܨ …  ((ݔ)௠ݕ,
ݕ ′ଶ(ݔ) = ,(ݔ)ଶݕ,(ݔ)ଵݕ,ݔ)ଶܨ …  ((ݔ)௠ݕ,

⋮ 
ݕ ′௠(ݔ) = ,(ݔ)ଶݕ,(ݔ)ଵݕ,ݔ)௠ܨ …  ((ݔ)௠ݕ,

Theorem 
 

Suppose that F is continuous and has continuous bounded partial derivatives. Then there  is a unique set of 
functions (ݕଵ(ݔ),ݕଶ(ݔ), … ଴ݔ] defined in ((ݔ)௠ݕ, − ܽ, ଴ݔ + ܽ] for all  

 

∋ ݔ ଴ݔ] − ܽ, ଴ݔ + ܽ] 
 

Proof 
 

Suppose that F is continuous and has continuous bounded partial derivatives. 
 

Define Region 
 

ܴ = {൫ݕ,ݔଵ,ݕଶ, … ଴ݔ :௠൯ݕ, − ܽ ≤ ݔ ≤ ଴ݔ + ܽ,−∞ < ଵݕ < ∞,−∞ < ଶݕ < ∞…−∞ < ௠ݕ < ∞} 
Let Ф଴,ଵ(ݔ) = (ݔ)ଵ,଴ ; Ф଴,ଶݕ = ଶ,଴ݕ …Ф଴,௠(ݔ) =  ௡,௠ݕ
Then Ф௡,ଵ = ଵ,଴ݕ + ∫ ଵܨ

௫
௫బ

ቀݐ,Ф௡ିଵ,ଵ(ݐ),Ф௡ିଵ,ଶ(ݐ)ቁ  ݐ݀

Ф௡,ଶ = ଶ,଴ݕ + න ଶܨ
௫

௫బ
ቀݐ,Ф௡ିଵ,ଵ(ݐ),Ф௡ିଵ,ଶ(ݐ)ቁ  ݐ݀

⋮ 

Ф௡,௠ = ௡,௠ݕ + න ௠ܨ
௫

௫బ
ቀݐ,Ф௡ିଵ,ଵ(ݐ),Ф௡ିଵ,ଶ(ݐ)ቁ  ݐ݀

 

Because we can integrate, we can find a unique solution to this set of differential equations within this 
region. This is a general proof of the existence of a unique solution. We will now model our system based off of the 
proof. Beginning with our first differential equation, we will continue until all the equations are done: 
 

Equation 1 
 

[ଶܱ଺݈ܣଷܽܥ]݀
ݐ݀

= −݇ଵ[ܽܥ଺݈ܣଶܵ ସܱ)ଷ(ܱܪ)ଵଶ..  [ଶܱܪ26

ݕ ′ଵ(ݔ) =
[ଶܱ଺݈ܣଷܽܥ]݀

ݐ݀
 

ଵܨ = −݇ଵ[ܽܥ଺݈ܣଶܵ ସܱ)ଷ(ܱܪ)ଵଶ..  [ଶܱܪ26
ଷݕ = ଶ݈ܵܣ଺ܽܥ ସܱ)ଷ(ܱܪ)ଵଶ..  ଶܱܪ26
 

Equation 2 
 

݀[ܵ ସܱ]
ݐ݀

= −݇ଵ[ܽܥ଺݈ܣଶ(ܵ ସܱ)ଷ(ܱܪ)ଵଶ..  [(ଶܱܪ26

ݕ ′ଶ(ݔ) =
݀[ܵ ସܱ]
ݐ݀

 
 
ଶܨ = −݇ଵ[ܽܥ଺݈ܣଶܵ ସܱ)ଷ(ܱܪ)ଵଶ..  [ଶܱܪ26
ଷݕ = ଶ݈ܵܣ଺ܽܥ ସܱ)ଷ(ܱܪ)ଵଶ..  ଶܱܪ26
 

Equation 3 
 

ܵ)ଶ݈ܣ଺ܽܥ]݀ ସܱ)ଷ(ܱܪ)ଵଶ.. [ଶܱܪ26
ݐ݀

= ݇ଵ[ܽܥଷ݈ܣଶܱ଺][ܵ ସܱ] 

ݕ ′ଷ(ݔ) =
ܵ)ଶ݈ܣ଺ܽܥ]݀ ସܱ)ଷ(ܱܪ)ଵଶ.. [ଶܱܪ26

ݐ݀
 

ଷܨ = ݇ଵ[ܽܥଷ݈ܣଶܱ଺][ܵ ସܱ] 
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ଵݕ =  [ଶܱ଺݈ܣଷܽܥ]
ଶݕ = [ܵ ସܱ] 
 
Equation 4 
 

[ଶ(ଷܱܵ݅ହܽܥ)]݀
ݐ݀

= −݇ଶ[ܪଶܽܥ ସܱܵ݅][ܽܥଷ(ܱܪ)଺] 

ݕ ′ସ(ݔ) =
[ଶ(ଷܱܵ݅ହܽܥ)]݀

ݐ݀
 

ସܨ = −݇ଶ[ܪଶܽܥ ସܱܵ݅][ܽܥଷ(ܱܪ)଺] 
଺ݕ = ܽܥଶܪ] ସܱܵ݅] 
଻ݕ =  [଺(ܪܱ)ଷܽܥ]
 

Equation 5 
 

[଻(ଶܱܪ)]݀
ݐ݀

= −݇ଶ[ܪଶܽܥ ସܱܵ݅][ܽܥଷ(ܱܪ)଺] 

ݕ ′ହ(ݔ) =
[଻(ଶܱܪ)]݀

ݐ݀
 

ହܨ = −݇ଶ[ܪଶܽܥ ସܱܵ݅][ܽܥଷ(ܱܪ)଺] 
଺ݕ = ܽܥଶܪ] ସܱܵ݅] 
଻ݕ =  [଺(ܪܱ)ଷܽܥ]
 

Equation 6 
 

ܽܥଶܪ]݀ ସܱܵ݅]
ݐ݀

= ݇ଶ[(ܽܥଷܱܵ݅ହ)ଶ][(ܪଶܱ)଻] 

ݕ ′଺(ݔ) =
ܽܥଶܪ]݀ ସܱܵ݅]

ݐ݀
 

଺ܨ = ݇ଶ[(ܽܥଷܱܵ݅ହ)ଶ][(ܪଶܱ)଻] 
ସݕ =  ଶ(ଷܱܵ݅ହܽܥ)
ହݕ =  ଻(ଶܱܪ)
 

Equation 7 
 

[଺(ܪܱ)ଷܽܥ]݀
ݐ݀

= ݇ଶ[(ܽܥଷܱܵ݅ହ)ଶ][(ܪଶܱ)଻] 

ݕ ′଻(ݔ) =
[଺(ܪܱ)ଷܽܥ]݀

ݐ݀
 

଻ܨ = ݇ଶ[(ܽܥଷܱܵ݅ହ)ଶ][(ܪଶܱ)଻] 
ସݕ =  ଶ(ଷܱܵ݅ହܽܥ)
ହݕ =  ଻(ଶܱܪ)
 

Equation 8 
 

ଶ݁ܨଶ݈ܣସܽܥ]݀ ଵܱ଴]
ݐ݀

= −݇ଷ[(ܪܱ)݁ܨଷ][ܽܥ(ܱ݁ܨଶ)ଶ] 

ݕ (ݔ)଼′ =
ଶ݁ܨଶ݈ܣସܽܥ]݀ ଵܱ଴]

ݐ݀
 

ܨ଼ = −݇ଷ[(ܪܱ)݁ܨଷ][ܽܥ(ܱ݁ܨଶ)ଶ] 
ଵ଴ݕ =  ଷ(ܪܱ)݁ܨ
ଵଵݕ =  ଶ(ଶܱ݁ܨ)ܽܥ
 

Equation 9 
 

[ ସ(ଶܱܪ)]݀
ݐ݀

= −݇ଷ[(ܪܱ)݁ܨଷ][ܽܥ(ܱ݁ܨଶ)ଶ] 
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ݕ ′ଽ(ݔ) =
[ ସ(ଶܱܪ)]݀

ݐ݀
 

ଽܨ = −݇ଷ[(ܪܱ)݁ܨଷ][ܽܥ(ܱ݁ܨଶ)ଶ] 
ଵ଴ݕ =  ଷ(ܪܱ)݁ܨ
ଵଵݕ =  ଶ(ଶܱ݁ܨ)ܽܥ
Equation 10 
 

[ଷ(ܪܱ)݁ܨ]݀
ݐ݀

= ݇ଷ[ܽܥସ݈ܣଶ݁ܨଶ ଵܱ଴][(ܪଶܱ)ସ ] 

ݕ ′ଵ଴(ݔ) =
[ଷ(ܪܱ)݁ܨ]݀

ݐ݀
 

ଵ଴ܨ = ݇ଷ[ܽܥସ݈ܣଶ݁ܨଶ ଵܱ଴][(ܪଶܱ)ସ ] 
଼ݕ = ଶ݁ܨଶ݈ܣସܽܥ ଵܱ଴ 
ଽݕ =   ସ(ଶܱܪ)
 

Equation 11 
 

[ଶ(ଶܱ݁ܨ)ܽܥ]݀
ݐ݀

= ݇ଷ[ܽܥସ݈ܣଶ݁ܨଶ ଵܱ଴][(ܪଶܱ)ସ ] 

ݕ ′ଵଵ(ݔ) =
[ଶ(ଶܱ݁ܨ)ܽܥ]݀

ݐ݀
 

ଵଵܨ = ݇ଷ[ܽܥସ݈ܣଶ݁ܨଶ ଵܱ଴][(ܪଶܱ)ସ ] 
଼ݕ = ଶ݁ܨଶ݈ܣସܽܥ ଵܱ଴ 
ଽݕ =   ସ(ଶܱܪ)
 

So, our system of differential equations is as such: 
 

ݕ ′ଵ(ݔ) =  (ଷݕ)ଵܨ
ݕ ′ଶ(ݔ) =  (ଷݕ)ଶܨ
ݕ ′ଷ(ݔ) =  (ଶݕ,ଵݕ)ଷܨ
ݕ ′ସ(ݔ) =  (଻ݕ,଺ݕ)ସܨ
ݕ ′ହ(ݔ) =  (଻ݕ,଺ݕ)ହܨ
ݕ ′଺(ݔ) =  (ହݕ,ସݕ)଺ܨ
ݕ ′଻(ݔ) =  (ହݕ,ସݕ)଻ܨ
ݕ (ݔ)଼′ = ܨ଼  (ଵଵݕ,ଵ଴ݕ)
ݕ ′ଽ(ݔ) =  (ଵଵݕ,ଵ଴ݕ)ଽܨ
ݕ ′ଵ଴(ݔ) =  (ଽݕ,଼ݕ)ଵ଴ܨ
ݕ ′ଵଵ(ݔ) =  (ଽݕ,଼ݕ)ଵଵܨ
 

As shown in the above equations, we can fit our system of differential equations into the format of the 
proof. So how does this proof let us know that our system of differential equations has a unique solution? Let’s look 
at the two criteria for the theorem. Firstly, our equations must be continuous. All of our equations are polynomials. 
Polynomials are continuous so all our equations are continuous. The second states that all the partial derivatives 
must be continuous and bounded. We will now take the partial derivatives of our system and check whether this is 
true.  
 

7. Partial Derivatives 
 

As stated in the previous section, we must take the partial derivatives of each equation. They are as follows: 
 

ܨ߲
ܵ)ଶ݈ܣ଺ܽܥ]߲ ସܱ)ଷ(ܱܪ)ଵଶ.. [ଶܱܪ26

= −݇ଵ 
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ܨ߲
[ଶܱ଺݈ܣଷܽܥ]߲

= ݇ଵ[ܵ ସܱ] 

ܨ߲
߲[ܵ ସܱ]

= ݇ଵ[ܽܥଷ݈ܣଶܱ଺] 

ܨ߲
ܽܥଶܪ]߲ ସܱܵ݅]

= −݇ଶ[ܽܥଷ(ܱܪ)଺] 

ܨ߲
[଺(ܪܱ)ଷܽܥ]߲ = −݇ଶ[ܪଶܽܥ ସܱܵ݅] 

ܨ߲
[ଶ(ଷܱܵ݅ହܽܥ)]߲ = ݇ଶ[ܪଶܱ] 

ܨ߲
[ଶܱܪ]߲ = ݇ଶ[(ܽܥଷܱܵ݅ହ)ଶ] 

ܨ߲
[ଷ(ܪܱ)݁ܨ]߲ = −݇ଷ[ܽܥ(ܱ݁ܨଶ)ଶ] 

ܨ߲
ଶ݁ܨଶ݈ܣସܽܥ]߲ ଵܱ଴] = ݇ଷ[(ܪଶܱ)ସ ] 

ܨ߲
[ ସ(ଶܱܪ)]߲

= ݇ଷ[ܽܥସ݈ܣଶ݁ܨଶ ଵܱ଴] 
 

So now we have our partial derivatives. Each partial derivative is a polynomial so we know it is continuous. 
We define these partial derivatives on a finite region which means they are bounded by that region. With the criteria 
of the theorem met, we now know that there exists a unique solution for our system of equations. 
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