
American Review of Mathematics and Statistics 
December 2014, Vol. 2, No. 2, pp. 107-124 

ISSN: 2374-2348 (Print), 2374-2356 (Online) 
Copyright © The Author(s). 2014. All Rights Reserved. 

Published by American Research Institute for Policy Development 
DOI: 10.15640/arms.v2n2a6 

URL: http://dx.doi.org/10.15640/arms.v2n2a6 

 

 
 

On New Integral Inequalities with Applications 
 
 

Uğur S. Kirmaci1 
 
 
 

Abstract 
 
 

We present several general  integral inequalities for convex and concave mappings. 
Some new inequalities of  the Simpson’s type and the Hermite-Hadamard’s type are 
obtained. Finally, some applications to special means of real numbers are also given.  
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1.  Introduction 
 

Let f : I RR be a convex function on the interval I of real numbers and 

a,bI with ab. The inequality  
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is known as Hermite-Hadamard’s inequality for convex functions. Both inequalities 
hold in the reversed direction if f is concave. (Dragomir) 1 
 

In Mitrinović, [6, pp 64], the inverse of Hölder’s inequality is given by the 
following theorem: 

                                                             
1 Atatürk University, K.K.Education Faculty, Department of Mathematics, 25240, Erzurum-Turkey. 
Email: kirmaci@atauni.edu.tr 



108                        American Review of Mathematics and Statistics, Vol. 2(2), December 2014  
 
 

Theorem A: Let functions pxfx )(  and qxgx )(  where 111
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1p  be positive and integrable on ],[ ba  and let on ],[ ba , 
 11 )(0 Mxfm ,  22 )(0 Mxgm . Then  
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 In  Latif,  Pečarić  &  Peric, [5], Favard’s inequality is given by the following 
theorem: 
 

Theorem B: Let f be a concave nonnegative function on ],[ ba . If 1q , 
then  
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If 10  q , the reverse inequality holds. 

 
In the literature, the following definition is well known: 

 
Let   Rbaf ,:  and Rp . The p-norm of the function f on  ba,  is 

defined by 
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and  baLp ,  is the set of all functions   Rbaf ,:  such that pf .  
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 For several recent results concerning Hermite-Hadamard inequality and 
double integral inequalities, we refer the reader to Kirmaci [3-4].  
 

In this paper, we derive several general integral identities for convex and 
concave mappings. Some new  Simpson’s type , midpoint type  and trapezoid type 
inequalities are written. Further, some applications for special means of real numbers 
are provided. 
  
2. Main Results 

 
Firstly, we start by the following lemma: 
 

Lemma: Let RRIf :  be twice differentiable mapping on 0I  such that 

 baLf ,"  and 10   , where Iba ,  with ba  . Then we have the equality 
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Proof:  By integration by parts twice, we obtain 
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By adding these equalities side by side and by multiplying both sides by 

)(2/1 ab  , we obtain equality (2). 
 

Remark : Taking 
2

ab 
  in (2), we obtain the identity 
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which may be found in Dragomir, Cerone  & Sofo( [1, pp. 38] and [2]). 

 
Therefore, we can state the following results:  

 
Theorem 1: Let RRIf :  be twice differentiable mapping on 0I such 

that  baLf ," , where Iba ,  with ba  .  If  the mapping 
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is convex on  ba, , then we have the inequality, for 10    
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Proof: Applying the first inequality of Hermite-Hadamard for the mapping   
we write 
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Applying the Bullen’s inequality for the mapping  , we have 
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Adding all these inequalities and from (2), we obtain inequality (3). Thus the 
proof   is completed. 
 

Theorem 2: Let RRIf :  be twice differentiable mapping on  oI .  If 

 baLf ,"  and ݂" is a positive mapping for all   oIbax  , and the mapping )(x

is convex on  ba, ,  then we have the inequality, for 10    
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where )6,...,1(, ii are given by (7)-(12) respectively. 
 

Proof: By  Chebychev integral inequality  for asynchronous mappings, we 
have the following inequalities: 
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By integration by parts, we have the following equalities: 
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Substituting equalities (7),(8),(9) in inequality (5), we have 
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Substituting equalities (10),(11),(12) in inequality (6), we have 
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Adding (13) and (14), we obtain  
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By (15) and using left hand side of double inequality (3), we deduce double 

inequality (4). 
 
This concludes the proof. 
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By Chebyshev’s inequality, we deduce  
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Similarly, using the change of the variable )
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for 10  s ,  we obtain, 
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Substituting equalities (19),(20) and inequality (21) in inequality (18), we have 
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From (17) and (22), we deduce inequality (16). This concludes the proof. 
                

Theorem 4: Let RRIf :  be twice differentiable mapping on 0I .  Let 

|݂"| be q-Lebesque integrable on [ܽ,ܾ], where Iba ,  with ba  .  Let on [ܽ, ௔ା௕
ଶ

), 

mappings qxg )(1  and qxf )("  and on [௔ା௕
ଶ

,ܾ],  mappings qxg )(2  and qxf )("  be 
monotone in the opposite sense and integrable. If  the mapping )(x is concave 
nonnegative on  ba, , then we have the inequality, for 10  q  and 10    
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where 
bqaq ff ,, "," are given by (21), )(),( 21 xgxg  are as in Theorem 3 and 

qq xfxf ))("()("  . 
 

Proof: Applying the first inequality of Hermite-Hadamard for the concave 
nonnegative mapping  , we obtain inequalities 
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Adding these inequalities and from (2), we obtain 
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Also, applying the Favard’s inequality for the mapping  , we obtain for 10  q , 
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Adding these inequalities and from equality (2),  we obtain 
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Since on [ܽ, ௔ା௕
ଶ

),  mappings qg1  and qf "  and on [௔ା௕
ଶ

,ܾ], mappings qg2  and
qf "  are monotone in the opposite sense and integrable, we may apply Chebyshev’s 

inequality. Hence, we write 
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Using equalities (19) and (20), we obtain  
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From (24) and (25), we get inequality (23). This concludes the proof. 
 
3. Applications to Quadrature Formulas 
 
 From  the double inequalities in Section 2, we obtain the following new 
inequalities of the midpoint type, trapezoid type and  Simpson’s type:  
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(ii). If 
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(iii). If 
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Proposition 2: With the assumptions Theorem 2, 
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Proposition 3: With the assumptions Theorem 3, for 1q  
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Proposition 4: With the assumptions Theorem 4, for 10  q  
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(ii).  If 
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4. Applications To Special Means 
 

we shall consider the means for arbitrary real numbers ,,. We  take 
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For  the results in Sections 2-3, we give some applications to special means of  

real numbers. 
 
Proposition 5: Let  ba 0 . Then we have the inequality, for 10    

 















 






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3,
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3)

4
(

8
babaAabab

  

 

  









 ),(

6
1,)
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1(),()

2
1(

6
1 3

3
333 baLbaA

ab
baA

ab
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),(
164

3,
4

3)
4

(
16

baAabbabaAabab


















 







   

 

Proof: The assertion follows from Theorem 1 applied for 3

6
1)( xxf  . 

Proposition 6: Let  ba 0 . Then we have the inequality   
 

−
3(ܾ − ܽ)ଶ(ܽ + ܾ)

64 ≤ −
1
ܣ6

(ܽଷ,ܾଷ) +
1
6 ଷܮ

ଷ(ܽ,ܾ) ≤ −
5(ܾ − ܽ)ଶ(ܽ + ܾ)

128  

 

Proof: The assertion follows from Proposition 1-i  applied for 3

6
1)( xxf  . 

 
Proposition 7: Let  ba 0 . Then we have the inequality, for 1q    
 

  0),(),(
3
2),(

3
1)2,1,1(

64
)()1( 2

2
222/1

2/1


 baLbaAbaAqqBabq q

q

 

 
Proof: The assertion follows from Proposition 3-ii  applied for 2)( xxf  . 
 
Proposition 8: Let  ba 0 . Then we have the inequality, for 10  q  
 




 ),(),(
3
2),(

3
1

16
)( 2

2
222

2

baLbaAbaAab

  q
q

q

qqBabq /1
/1

2/1

)2,1,1(
)2(32

)()1(



  

 
Proof: The assertion follows from Proposition 4-i  applied for 2)( xxf  . 
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