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Investigation of Godunov Flux Against Lax Friedrichs® Flux for the
RKDG Methods on the Scalar Nonlinear Conservation Laws Using
Smoothness Indicator
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Abstract

The importance of smoothness indicator is well known in the numerical
computation of hyperbolic conservation laws. The main aim is to compare and
contrast Godunov flux with that of Lax-Friedrich's using smoothness indicator. We
will only explore the case of smooth solutions. An example is offered to show how
both fluxes behave under the TVD-RKDG scheme.
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1. Introduction

Numerical smoothness is by now known to play a very important role in the
computation of numerical solution of hyperbolic conservation law. In this paper,as
stated, we use smoothness indicator -see [6]- to investigate the difference between
Godunov and Lax Friedrichs' flux on smooth solutions. Consider the one-
dimensional non-linear conservation laws:

ug + f(u), =0 (1)
in a bounded interval Q = [a; b], with the initial condition u(0; x) =
ul (x);and the upwind boundary condition, u(t; a) = u,(t);where in this example
we assume ul (x), f(u), and the boundary condition to be smooth enough and

consistent to guarantee that the entropy solution u(t; x) is smooth near x = afor
all t > 0. For simplicity we assume the case of west wind (f’(u) > 0).
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tinuous piecewise polynomial space Vy. Where the degree of
is up to p, and V3 = {v L*(Q) :v|Q; T } where ﬂ
polynomials of degree less than or equal to p.
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A semi-discrete solution uy, in each cell §2; using Godunov’s flux, satisfies

the following equation:
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While using Lax-Friedrichs’ flux, in each cell {1;, a semi-discrete solution up
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At the time [ = 0, up,(0,x) is taken to be the L, projection of uj(wx).
For the temporal discretization, we take a standard RKDG scheme of order

k, see [1] in time. In this example we take &k = 3 in the time step [t.,f.11],
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computed, by the following scheme. First let us use a simpler notations before

given the scheme. Let

F“?.L'F{u_,_v:] = (f(u),v2)e,

sl ‘.(f(h!h(-b 1)) + flun(z? 1)1 — Clun(zt J—uh(-c l)]l-v(:r-ﬂ“ i)
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for Lax Friedrichs® flux, and
Ff (u,0) = ([ (), vz)@, + [ (un(c;_y))o(e) _y) = Sluney, 3))o(es, 1)

for Godumnov's flux. the scheme is that for 7, = t,.1 — t» and for any v in V3,
o X
(us ,fu)g} — (-1;.?“-1:)513 + 'rnFj (ul,v),

1
Z
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(%, m)a, = §(uf,0)a, + 1 (us', 0)a, + B F (u' ),
(w15, = 3(mn,v)a, + 3", v)a, + 23" FY (g, m),

where F' J'."‘* stands or X =G or X =LF. Attt =0, we make ug = u.h(ﬂ_. T).

G.Q L ur i YTt oL I
ot uf  are Laken according W g (t).

The upwind boundary values of uél, u
2. The Smoothness Indicator

The spatial smoothness indicator contains the spatial derivatives of the com-
puted solution u$, within each cell, namely

b= e+
J'In R C}Jff un(‘{'j_[;‘a)'

The values of these M/ ;deliver the information about the smoothness of

us, (x)in the interior of each cell. The jumps of the derivatives across the cell bound-
aries is given by:
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and for v =1/p,

n.j
D= Rp+2-1(14a),

for j —0,1,---,m — 1. Formally, the spatial smoothness indicator SF 1s
v _ (ﬂ-féfj,wa-ll o D R 1) .

The temporal smoothness indieator consist of the temporal derivatives of v (, r)

at t =t,. Namely,
| 6k+ 1,u.h
k h h
Tﬂ T (u;, uz (tn )'1 u”, (tﬂ.)! i W(tﬁ.)

For more information on the derivation of these smoothness indicator, see [3].

As for the numerical evidence, we solve the Burgers' equation f(u) = u?/2.
Since we are comparing different fluxes, we will use the same initial condition

ur(r) = 1 — (x/11)3sin(x), along with the boundary condition, u,(t) = 1 for x

Table 1. The Contents of the Numerical Smoothness Indicator figures

0 Pl T2 73
ILI” x, _-'LIRJ ﬁ.fnlj fu'n %
k __ 1 o 2 h _ 3 h o 4
uy =T, uyy = 1o ugyy = I3, Uggee = 1y
0 1 2 3
"Tn.j Jn,j Jn.j "Tn_.j

logy| T, ;| logn| T, Sl logn| T3 ;| logy |y
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in 2 = [0,10].We also use a uniform cell size h = 0:05 with p = 3 as the order
of the Legendre polynomials and the third order Runge-Kutta scheme. Note, we have
reproduced the result from [6] for the purpose of this comparaison.

We will have sixteen pictures in each of the figure from 1 to 9 as shown in the
table. Notice for simplicity, we drop the index j because each curve contains the

values of M,ll,jforj = 0; ...; 199.The solution has been computed for t € [0,2] .

The smoothness indicator will be shown at t = 0.05,t = 1.05and t = 2.0 for
either of the fluxes. The figures will be denoted (G) for Godonov flux cases and (FL)
for Lax-Friedrich's.

Remark:We noticed that during the experiment, while Godunov's flux was
conducted using 7 = 0.005for all the figures, the same time step size makes the
scheme with Lax Friedrichs' flux very unstable. We have plotted in Figures (7)-(9) the
cases where Lax-Friedrich's scheme were unstable for even a brief moment in the
computation. We could clearly see that as the solution evolves, both the spatial and
temporal smoothness indicator increased dramatically. The jumps are clearly getting
higher and higher, and in Figure (7) we can see that the solution is just a few step
away from being ruined.

To obtain the excellent result shown in Figures (b), recall those represent the
solution to Lax-Friedrich's flux, we have taken the time step size to be 50% smaller
than that of Godunov's time step size. Actually, using Lax-Friedrich's flux seems to
fair a little better when we consider the smoothness indicator on the third row (the
jumps). However the cost of even such a small accuracy
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Figure 2: (LF)The Components of the Smoothness Indicator, T = 0.0025; t
=0.05
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Figure 3: (G) The Components of the Smoothness Indicator,t = 0.005;t =

1.05
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Figure 4. (LF)The components of the smoothness indicator, T = 0.0025; t
=1.05



50 American Review of Mathematics and Statistics, Vol. 2(2), December 2014

15 1 2 10
] o o S
.. 0 0 o
O 1 5 -10
0 5 10 0 5 10 0 5 10 0 5 10
0.5 1 50
0s -1 5 50
5 10 0 5 10 0 5 10 5 10
% 107 % 107

5 2 0.01 5
-5 -2 -0.01 -5

(] 5 10 0 5 10 ]} 5 10 () =] 10
10 10 10 10

0 0 0 o
0 5 10 0 5 10 0 5 10 0 5 10
Figure 5: (G) The Components of the Smoothness Indicator, T = 0.005;t=2
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Figure 6: (LF)The Components of the Smoothness Indicator, T = 0.0025;t =
2
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Figure 8: Lax-Friedrich, Unstable, T = 0.005;t=0.1
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Figure 9: Lax-Friedrich, Unstable, T = 0.005;t=0.2

is increase by taken smaller time steps. In the numerical evidence given, for
Lax-Friedrichs' flux, we have taken C to be 1.45.

As shown in the numerical evidence, and as expected from the literature in
partial differential equations, we have shown that both Godunov and Lax-Friedrichs
fluxes behave remarkably well in their approximation of smooth solution to
hyperbolic problem . It is easy to see the boundedness of the smoothness indicator in
Figures (1, 2, 3 and 4) when and where the solution is smooth. However, well before
the development of a shock, the third and fourth order derivatives have grown
significantly in a very narrow subdomain. Soon the benefit of the approximation of
high order polynomials and high order Runge-Kutta scheme will be lost, as Figures 7,
8 and 9 shows that a point of future shock is being expected soon. This numerical
experiment can be extended to 2-D scalar conservation laws. The generalization of
this experiment to 2-D should not have major difficulties. Moreover, this experiment
could be extended to the case of a fully developped shock and contact discontinuity
of various orders.
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